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AN ALGEBRAIC CLASSIFICATION OF
SOME EVEN-DIMENSIONAL SPHERICAL KNOTS. 11

M. 8. FARBER

ABSTRACT. The paper reduces the problem of classification of simple even-dimen-
sional spherical knots of codimension two to an algebraic problem.

This paper is the continuation of [1]. Here is given a classification of simple
even-dimensional spherical knots in terms of algebraic invariants of the complement’s
infinite cyclic covering. The concluding result is contained in Theorem 11.6.

Here I briefly outline the structure of the invariants obtained. Let (S29*2, k29) be
a (g — 1)-simple spherical knot and p: X — X be the infinite cyclic covering of its
complement. Let 4 denote Hq(X’ ) apd B~den0te the stable homotopy group of X in
dimension g + 2. The generator r: X — X of the covering transformation group of p
induces some automorphisms of A4 and B and thus 4 and B get A = Z[¢, t~']-module
structures. In §11 of this paper more invariants are defined: forms

[:T(A)®,T(A) - Q/Z, Vy:B®,B-1Z,
and the A-homomorphism
a:A®,Z, - B

where T(A) denotes the Z-torsion subgroup of A. The main Theorem 11.6 states that
the collection of invariants (A4, B, a, [, {) completely determines the type of a simple
even-dimensional spherical knot. In this theorem there are also described all proper-
ties to which the sets (A4, B, «, /, ) coming from simple even-dimensional knots
satisfy.

The whole work consists of 11 sections:

§1. The stable homotopy category.

§2. Isometries and knots.

§3. Dualized spaces.

§4. Main result (The formulation with P-quintets).

§5. Knot modules.

§6. Finite P-modules.

§7. L-quintets.

§8. Minimization of isometries.

§9. The proof of the Theorem 7.5.

§10. Generalized homology of knot complement’s infinite cyclic covering.

§11. Main result (The formulation with A-quintets).
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The history of the subject, the brief characteristic of the previous works and §§1-4
are given in [1]. The concluding result of [1] is Theorem 4.2 which reduces the
classification problem of simple even-dimensional spherical knots to a purely
algebraic one: to classify P-quintets up to R-equivalence. The last problem is solved
in §§5-11 presented in this paper and its solution is a transfer from P-quintets to
A-quintets and, accordingly, the R-equivalence relation is substituted by the isomor-
phism. The general scheme of subsequent bijections constructed in [1] and in the
present paper is as follows:

the types of (¢ — 1)-simple the R-equivalence classes
2g-dimensional spherical < ¢ of 2g-isometries on virtual
knots complexes of length < 2
the R-equivalence classes the isomorphism classes of
« { of P-quintets of parity « { L-quintets of parity
S (-1)*!

the isomorphism classes
 J of A-quintets of parity

(_])q+l

Here q is any fixed integer, ¢ = 4.

The aims of this paper are similar to those of Trotter’s work [15] where the
bijection between S-equivalence classes of Seifert matrices and congruence classes of
Blanchfield forms was constructed. This work of Trotter greatly influenced mine but
unlike [15] I do not use p-adic completions. Moreover, I have found a brief proof of
Trotter’s theorem [15] which also does not use p-adic completions. This proof I plan
to publish separately.

In this paper only those results are included which take part in the proof of
Theorem 11.6. However, many of them, to my mind, are of independent interest. To
such results I would ascribe the following: finding of the connection between stable
knots and isometries (§2); the study of knot modules (§§5, 6); the development of
the techniques of isometry modifications (§8); and also the establishing of the
formula which gives the holomogy of the infinite cyclic covering through the
homology of a Seifert manifold (§10).

The terminology and notation of this paper are as in [1]. References to [1] are not
indicated here; for example, when it is said about Theorem 4.2, it means the
Theorem 4.2 from [1] and so on. As in [1] the formulas are numerated anew in each
section.

5. Knot modules. In this section we establish a connection between knot modules
and finitely-generated over Z modules over the integer polynomial ring. The ob-
tained result is similar to those of Trotter [15], where it was assumed that knot
modules were supplied with the Blanchfield pairing which only occured on the knot
module of the middle dimension. In §7 the result of this section will be applied to
obtain a theorem of the same kind for the more difficult case of P-quintets.
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The geometrical interpretation of the results of this section will be given below in
§10.

5.1. Let z =1 — z, P = Z|z]. Two finitely-generated over Z, P-modules 4 and B
will be called contiguous if there exist P-homomorphisms ¢: 4 — B and ¢: B — 4
such that both ¢ o ¢ and ¢ ° ¢ coincide with the multiplications by z(1 —z) =z - Z
€ P. The contiguity is a symmetric and reflexive relation. The equivalence relation
generated by the contiguity will be called R-equivalence. More precisely, two
finitely-generated over Z, P-modules A and B are called R-equivalent if there is a
finite sequence 4,, 4,,...,4,, of finitely-generated over Z, P-modules with 4, = 4,
A,, = B, and 4, being contiguous to 4, , fori =1,..., m — 1.

To state the main result of this section let us introduce the ring L = Z[z, z™', z7'].
The ring P is a subring in L and so L is a P-module.

5.2. THEOREM. Any two finitely-generated over Z, P-modules A and B are R-equiva-
lent if and only if the L-modules A ®p L and B ® p L are isomorphic.

Let A = Z[t, t '] be the ring of integer Laurent polynomials. We shall consider A
as a subring in L, thinking that ¢ is equal to 1 — z™'. Then L = A[(1 — ¢)7'] and so
any A-module, for which multiplication by 1 — 7 is an isomorphism, has the natural
L-module structure. Conversely, any L-module defines a A-module with multiplica-
tion by 1 — ¢ being isomorphic.

5.3. THEOREM. The following conditions are equivalent:

(a) An L-module A is isomorphic to A ®pL for some finitely-generated over Z,
P-module A,

(b) an L-module A is finitely-generated over Z[z™', z7'];

(c) A is a finitely-generated A-module and multiplication by (1 —t) € A is an
isomorphism A -4,

(d) 4 is a finitely-generated A-module and there is an integer polynomial A(t) such
that A(1) = 1 and AA = 0.

1

A-modules satisfying (c), and hence other conditions of Theorem 5.3, are called
modules of type K [12].
From Theorems 5.2 and 5.3 follows

5.4. THEOREM. There exists one-to-one correspondence between the R-equivalence
classes of finitely-generated over Z, P-modules and classes of isomorphic modules of
type K. This correspondence is given by A A ®p L.

The rest of this section is devoted to the proofs of Theorems 5.2 and 5.3.
A P-module A4 will be called minimal if the multiplication by z-zZ € P is a
monomorphism 4 — 4.

5.5. LEMMA. The map A — A ®@p L which sends a € A to a ® 1 is a monomorphism
if and only if A is a minimal P-module.

The proof follows from the fact that L as P-module is isomorphic to the direct
limit P - P - P — -, where all homomorphisms are multiplications by z - Z.
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5.6. LEMMA. Any finitely-generated over L, P-module A is R-equivalent to some
finitely-generated over Z, minimal P-module.

PROOF. Let K C A be a submodule such that z - 7 - K= 0. Let 4, = A/K and ¢:
A — A, be the projection. Define ¢: A, — A by the formula ¢(x) =z -7 - ¢ '(x),
x € A,. This correctly defines ¢, and clearly, ¢ o ¢ and ¢ o ¢ coincides with
multiplications by z - Z.

So, if there is a nonzero submodule K C A with z - z - K = 0, then one can obtain
a contiguous module 4,. If A, also contains some such submodule K, C A4, then by
the same way we obtain a module 4, and so on. We shall have the sequence 4, 4,,
A,,..., where each module 4, is less than A4, _, in the sense that either the rank of 4,
is less than the rank of 4, _, or the ranks are equal and the order of the torsion
subgroup of A, is less than the order of the torsion subgroup of 4,_,. From this it is
clear that this sequence cannot be infinite. If 4, is its last module then 4, has no
nonzero submodules K C 4, with z - 2 - K = 0. If a € A, were an element for which
z-ZzZ+-a=0,a # 0, then the module K generated by g and za would be a submodule
with z - 7 - K= 0. So the module 4, is minimal and the lemma is proved.

5.7. PROPOSITION. Any two finitely-generated over L, P-modules A, and A, are
R-equivalent if and only if there is an integer n = 0 and P-homomorphisms ¢: A, — A,
and ¢: A, — A, such that both ¢ o ¢ and ¢ o @ are multiplications by (zz)".

ProoF. Evidently, the R-equivalence implies the condition formulated in Proposi-
tion 5.7. So we shall prove only the inverse assertion. By virtue of Lemma 5.6 we
may suppose that A, and A, are minimal.

Let C = coker(¢) and A: 4, — C be the canonical projection. We have (z - 2)"C
= 0. Let K C C be the kernel of the homomorphism C — C, which is the multiplica-
tion by zz. Let us denote B, = A"\(K). Let ¢,: B, — A, be the inclusion and p:
A, - B, be the map given by u(a) = ¢(a) for a € A,. We obtain the following
commutative diagram with exact rows and columns:

0
l
0 0 K
! ! i N
¢ A
0 - 4 - 4, - C - 0
wl bi )
0 - B, - 4, - C - 0
P
! l l
X 0 0
)
0

It is easy to see that X is isomorphic to K. Thus it follows that zzX = 0. Therefore
the homomorphism fi: B, — A, is well defined by the formula i(x) = p~'(zZx). So
A, and B, are contiguous.
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Define also ¢,: 4, —» B, by ¢,(a) = (22)" 'a, a € A,. This homomorphism takes
values in B,, since (zZ)"~'C, = 0. We have now that ¢, and ¢, are monomorphisms
and both ¢, o ¢, and ¢, ° @, coincide with the multiplication by (zz)"~ .

One can now apply the above described process to modules B, and 4, and to
homomorphisms ¢, and ¢, and so on. We shall obtain the modules B, B,,...,B, ,
and homomorphisms ¢,;: B, = 4,, ¢;: A, — B, such that B, is contiguous to B, | and
both ¢, ° §,, ¢, ° @, coincide with multiplication by (zz)"~". Then B,_, is contiguous
to A,, and so 4, and A4, are R-equivalent.

5.8. PROOF OF THEOREM 5.2. Suppose the P-modules 4 and B are R-equivalent
and finitely generated over Z. By Proposition 5.7 there are P-homomorphisms ¢:
A - B and ¢: B — A such that ¢ o ¢ and ¢ o ¢ coincide with multiplications by
(zz)" € Pforsomen=0.Let®: A ®,L - B®pLbep®:z"and ®: B®,L — A4
®pL be ¢ ® z7". Then the compositions ® o ® and & o ® are identities and thus ®
and ® are isomorphisms.

Inversely, suppose modules A and B are such that L-modules 4 ®p L and B ®p L
are isomorphic. By Lemma 5.6 we may suppose that 4 and B are minimal. Then the
natural maps

a:A->AQpL, B:B—->B®pL,

which act by the formula x > x ® 1, are monomorphisms (see Lemma 5.5). Let us
identify A ®p L with B ®p L by means of some isomorphism and denote the result
by C. im « and im B are P-submodules in C. Let us show that for each ¢ € C there is
some n = 0 such that (zz)"c € im a. Really, for each finite system /,, /,,...,[, € L
there is an n = 0 such that /, = (zz)™"p,(z), where p,(z) is some integer polynomial,
i=1,2,...,r. From this it is clear that if

.
c=Ya,®|
i=1
where a; € A, then (z2)"c € ima. Since im B is finitely-generated, one can choose n
such that (zz)"im B C im a. Similarly, there is an m = 0 such that (zz)"ima C im S.
Let us now define ¢: A — B and ¢: B — A by the formulas

p(a) =B7'((2)"a(a)),  &(b) =a"'((22)"B(b)),
where a € 4, b € B. Then ¢(¢(a)) = (22)"*"a, @(§(b)) = (zz)"*™b. By Proposi-
tion 5.7 these imply that 4 and B are R-equivalent.

The theorem is proved.

5.9. PROOF OF THEOREM 5.3. Let A = 4 ® » L, where A is finitely-generated over
Z. As it was noticed in the proof of Theorem 5.2, any element a € A can be
presented in the form of a = (zz)™"a;, where n = 0, and a, belongs to the image of
the homomorphism a: 4 - 4 ®p L, a(x) = x ® 1, x € A. The image of « is finitely
generated over Z. If the elements e,,...,e, generate im a, then any element a € 4
can be written as follows:

a=(zz)"(Ne, +--- +Ae,),
where A; € Z. This proves (a) = (b).
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The implication (b) = (c) follows from the equalities

z'=1-1, =11,

which show that any polynomial of z™' and Z™' can be expressed as a polynomial of ¢
and t7'.

The assertion (c) = (d) was proved in the proof of Corollary (1.3) in [12].

Let us now prove that (d) = (a). Let A4 be a finitely-generated A-module and A(¢)
some integer polynomial such that A4 = 0 and A(1) = 1. The last condition implies
that

At)=co(1 = 1)+ (1 —1)" "+ - +e,_ (1 —1) + 1.
Foranya € 4,

=0 "a+c(1—1)""'a+ - +c,_,(1—1)a+a=0.
Thus it follows that

[—co(l —)" = (1 =)= —cn_l] -(1—=1t)a=a,

i.e. the multiplications by (1 — ) and by —c,(1 —£)""' — --- —c,_, are a pair of
mutually inverse isomorphisms. So 4 may be considered as an L-module. Then for
alla € 4,

catczat---+c,_z" 'at+zla=0

wherez = (1 — 1)
Suppose the elements e,, e,,. . .,e,, € A generate 4 over A. Consider the following
set:

{e).ze\,....2" e, €5, 265,...,2" ey, ... e, z€

Cms

Lz, ).

moe .

Let A C A be the subgroup generated by this set. Then it has the following
properties:

(1) A is finitely-generated over Z;

(2) A is invariant under z and so it is a P-module;

(3) A4 generates A over L (because its subset e,...,e, does).

Consider the homomorphism f: 4 ® L — A, where f(a® [)=la, | E L, a € A.
Any element of A ®p, L may be presented in the form of a ® (zz)™9, where ¢ = 0,
a€ A If f(a®(2z)"?) =0 then (2z)™ %@ =0 in A and so a=0. Then fis a
monomorphism. On the other hand, condition (3) implies that f is an epimorphism.
This completes the proof.

As a conclusion I should mention the papers [5, 6] where the questions concerning
the topic of this section are considered.

6. Finite P-modules. In this section the canonical decomposition of a finite
P-module into the sum of three of its submodules is studied and the relation between
this construction and the functor @, L from the preceding section is found.

Recall that P = Z[z], L = Z[z,z™', 7', where = 1 — z.
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6.1. Let 4 be a finite P-module. The subgroup (z2)"4 does not depend on n for
sufficiently large n. Denote this subgroup by (A4),. Consider also the subgroups

(A), ={a€4;3n=0,z"a =0},
(A).={a€A4;3In=0,z"a = 0}.

Clearly (A)y, (A), , (A)_ are submodules of 4. Any homomorphism f: 4 — B, of
finite P-modules, maps (A4), into (B),. Really, if a € (A4), then, for all n, a may be
written in the form of a = (zZ)"a,, where a, € A. Thus f(a) = (z2)"f(a,) and so
f(a) € (B),. The restriction of f on (A4), will be denoted by f,: (4), = (B),.

Similarly, f maps (A), into (B), , and (A4)_ into (B)_. Its restrictions will be
denoted by f, : (4), = (B), and f_: (A)_— (B)_, respectively.

6.2. PROPOSITION. 1. For any finite P-module A the module ( A), admits an L-module
structure, the module (A), admits a Z[z, z™'|-module structure, and the module (A)_
admits a Z| z, z']-module structure.

I1. Any finite P-module A is isomorphic over P to the direct sum (A), ® (A), ©(A4)_.

I11. For any finite P-module A there is an L-module isomorphism A ®p L ~ (A),.

IV. A4 sequence of finite P-modules

f oz
A-B-C
is exact if and only if the following three sequences are exact:

(42 (B) 2l (4).5(8), 5(0),

(4).5(8).5(c)..

PROOF OF STATEMENT I. From the finiteness of A it follows that there exists an
integer n = 0 such that (4), = (zz)™A for all m = n. Then (zz)(A), = (A),. There-
fore the multiplication by zz € P is an epimorphism (A), — (A4), and hence an
isomorphism. This proves the fact that (A), admits an L-module structure.

To prove that (A), admits a Z[z, Z™']-module structure note that there is an
integer m = 0 such that z"(A), = 0. Then for all a € (4), the following equality
holds:

(M+z+--+z"")-z-a=a,

which means that the multiplication by z is an isomorphism (A4), — (A4), . This
proves our statement.

One can prove that (A4)_ admits a Z[z, z~']-module structure similarly.

PROOF OF STATEMENT II. According to statement I, the multiplication by 7 is an
isomorphism (A4), — (A), . Therefore there is an N such that () a = a for all
a € (A), .1Ifa € (4), N(A)_ then for sufficiently large k we shall have a = (z)*"a
=0.So0(A4), N(4)_=0.

Let K= {a € A; In =0, (zz)"a = 0}. Let us define the homomorphisms 7 :
K - K and 7_: K - K. To do this, note that for a € K, (zz)"a = 0 for some n = 0
and thus z"a € (A4)_ and z"a € (A), . By virtue of statement I there is a unique



536 M. S. FARBER

element a_€ (A)_ such that z"a_= z"a. Similarly, there is a unique element a, €
(A), such that z"a, = z"a. Put 7 (a) = a,, 7.(a) = a_. It is easy to see that 7
and 7_ are well defined and do not depend on the choice of n.

The homomorphisms 7. and 7_ are projectors: 72 = 7, , 72 = 7_. Besides, 7, o 7_
=0=r7o7,.Letusshowthatr, +7=1: K-> K. Ifa€ Kthena, =71, (a) €
(A),,a_=71(a) €(A)_and z"a = z"a_, z"a = z"a, for some n = 0. There is an
m = n such that z™a, = 0 = z"a_. Then

z"(a—a,—a )=0 and z™(a—a, —a_)=0.
Therefore a —a, —a_€ (A), N(A)_.=0 and so a = a, +a_. This means that
T, 1= 1.

From the just described relations between 7, and 7_ it follows that K = im 7
@®im7_ and im7, = ker7_, im7_= ker7, . But clearly, kerr. = (A4),, ker7, =
(A)_. These prove that K = (A4), ®(A4)_.

Evidently, K N (A4), = 0. If a € A then (zz)"a € (A), for some sufficiently large
n and since (A4), admits an L-module structure, there is an a, € (A4), such that
(z2)"'a = (zz)"a,. Define the projector 7,: 4 - A by 7,(a) = a,. Then im 7, = (4),
and ker 7, = K. From these it follows that 4 = (A4),® K and thus 4 = (A4), ®
(A), ®(A)_. This completes the proof.

PROOF OF STATEMENT II1. It follows directly from II and from the relations
(A)o ®p L~ (A)o, (4), ®L=0, (4)-®pL =0.
The first of these ones follows from the fact that (4), admits an L-module structure.
To prove the second one, note that fora € (4), ,/€ Lwehavea® [/ =z"a ® z7"/
= 0 when n is sufficiently large. The third one is similar.
PROOF OF STATEMENT IV. If the sequence

alBtc
is exact and b € (B),, g(b) = 0 then b = f(a), where a € A. But then 7y(a) € (4),

and f(7(a)) = 1, f(a) = 1,b = b, where 7, is the projector constructed in the proof
of statement II. This proves exactness of the sequence

(4)o2(B) 2(C)e.

Exactness of two other sequences may be proved similarly. The inverse assertion
follows from II.

6.3. PROPOSITION. Let A be a finitely-generated over Z P-module and A = A ®p L.
Let v: A — A be the homomorphism acting by the formula v(a) = a ® 1. Then the
kernel of the restriction of v on T(A) is equal to (T(A)), ® (T(A))_ and the restriction
of v on (T(A)), is an isomorphism (T(A)), =~ T(A).

Recall that 7( X) denotes the Z-torsion subgroup of X.
The proof of Proposition 6.3 will be given below in subsection 6.6.

6.4. COROLLARY. If A is a module of type K then the group T(A) is finite.
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This statement was proved by M. Kervaire [7]. Here it follows from Proposition
6.3 and Theorem 5.3.
In the proof of Proposition 6.3 we shall use the following fact.

6.5. LEMMA. If A — B — C is an exact sequence of P-modules then the sequence
A®pL ->B®pL - C®pL is exact.

This follows from the interpretation of the functor A > A ®p L as the limit
functor of the direct system

A-A—A— -,

where all homomorphisms are multiplications by zz € P (see proof of Lemma 5.5)
and the fact that any limit functor of a direct system preserves exactness.

6.6. PROOF OF PROPOSITION 6.3. If a € (T(A)), then a® 1 =7"a® 7" = 0.
This proves (7(A)), C ker ». Similarly (7(A))_C ker ». On the other hand, Proposi-
tion 6.2 implies (7(A)), = T(A) ®p L and since the inclusion T(A4) — A4 induces a
monomorphism T(A4) ®, L - A ®p L (by Lemma 6.5), it follows that the restriction
of v on (T(/l ))o is @ monomorphism. Therefore, ker(» |T( ) = (T(A)), H(T(A4))._.

Let x € 4 and suppose x = a ® (zz)™", where a € 4, n = 0. If x is an element of
finite order then there is an m > 0 such that (zz)"a = a, € T(A). Let a, = 1,(a,),
where 7, is the projector constructed in Proposition 6.2.11. Then a, € (T(A)), and
(z2)*a, = (zz)*a, for some k > 0. By virtue of 6.2.1 there exists a unique element
a, € (T(A)), such that (z2)"*"ay = a,. Then

x=a®(zz) " =a,®(2z)" " = (22)*a, ® (zz)" " *
=a,®(zz)" "=a,® 1 =v(ay).

This proves that » |(T( 4), 1s an epimorphism (7(4)), - T(A). It was proved above
that this homomorphism is a monomorphism. This completes the proof.

7. L-quintets. In this section we shall define an analogy of the operation ®p L
(which was studied in §5) on the set of P-quintets. As a result, each P-quintet will be
assigned with a similar algebraic object called an L-quintet. The main theorem of
this section states that thus we have obtained a one-to-one correspondence between
the set of R-equivalent classes of P-quintets and the set of isomorphism classes of
L-quintets. The proof of this theorem will use two auxiliary Theorems 7.5 and 7.6
which will be proved in further sections.

7.1. An L-quintet is defined as a collection (A, B, a, I, {) consisting of

L-modules 4 and B;

L-homomorphisma: 4 ®zZ, - B;

forms I: T(A) ®,T(A) - Q/Z,

Yy: B®zB-1Z,,
if the following conditions hold:
(a) A is a module of type K (i.e. it is finitely-generated over Z{z~", z7!)).
(b) The following sequence is exact

a B
0-A®Z,—>B—->Homg,(A4;Z,) >0
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where B(b)(a) = Y(b ® a(m(a))), bE B, a€ A and m: A - A ® Z, is the projec-
tion;

(c) The pairing / is nondegenerate.

(d) The pairings / and ¢ are e-symmetric.

(e) The composition

BLala®z,5B
coincides with multiplication by 2. Here for b € B, ¥(b) is defined by the condition
Y(b®a(m(a))) =1(7(b) ®a) foralla € T(A4).

) I(za ® b) = l(a ® zb), where a, b € T(A).

(8) ¥(za ® b) = Y(a ® zb), where a. b € B.

The number &, which may be 1 or -1, will be called parity of the L-quintet.

Two L-quintets (4,, B,, ,, [,,4,), v = 1,2, are called isomorphic if there exist
L-isomorphisms ¢: A; — A4,, & B, - B, such that

[I=12°(¢IT(A.)®(P|T(A,))7 Y =49,0(£©¢),
and the diagram
P®1
A40Z, - 4,91,

la| l«av
B, - B,

o

is commutative.

Note. We will further suppose that the group Hom,(A4; Z,) is provided with the
following P-module structure: (zf )(a) = f(za), where f € Hom(A4; Z,), a € A. Then
it follows from (g) that the homomorphism B defined in (b) would be a module
homomorphism

7.2. Now we show that any P-quintet (A4, B, a, /, ) defines some L-quintet
(A, B, a,1,) of the same parity. Put 4 = A4 ®,L, B= B ®, L. Let us define &, so
that the following diagram:

iz, S B
! I =
a®1
(A®Z2) ®pL d B®PL
is commutative, where the left vertical isomorphism is the interchanging of the
factors: A ® Z, = (A ®pL) ® Z, ~ (A ® Z,) ®, L. Now let us define the pairing

[: T(A) ® T(A) » Q/Z. By Proposition 6.3 there is a natural isomorphism (T(A4)),
- T(ff) which we denote by k. Then for x, y € T(A) we put

[(x®y) =1(x"(x) ®«7'(y)).
The pairing y: B ® B — Z, we define as the composition y = y o (A ® X), where A:
B — (B), is an isomorphism, the existence of which is due to the Proposition 6.2.111.
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7.3. Claim. The constructed collection (A, B, &, [, ) is an L-quintet.
For the proof we must verify conditions (a)-(g) of subsection 7.1. Condition (a) is
satisfied by virtue of Theorem 5.3. By Lemma 6.5 the exact sequence

a B
0-A®Z,-B->Hom(4;Z,) -0

gives the exact sequence
0-(A®Z,)®,L->B®pL - Hom(A4;Z,)®L - 0.

The module on the left is naturally isomorphic to A ® Z, and the module on the
right is naturally isomorphic to

Hom(A4;Z,) ®,L = (Hom(4;Z,)), = Hom((4 ® Z,),;Z,) ~ Hom(4; Z,).

Here Proposition 6.2.111 was used. Substituting these in the exact sequence written
above we get the exact sequence

. a - B .
0-A4®Z,->B->Hom(4;Z,) -0,

where § is defined by y as in (b) of subsection 7.1. This proves (b).

To prove (c) it is sufficient to establish that the restriction /| 7, 4y), 18 nondegener-
ate. For all a € (T(A)), and b € T(A) the formula /(a ® b) = I(a ® 7(b)) is true,
where 7, is the projector constructed in the proof of Proposition 6.2.I1. (Really,
(22)"b = (2z)"y(b) for some n. Let a; € (T(A)), be an element such that (z2)"a, =
a. Then

(a®b)=1(a, ®(22)"b) = I(a, ® (22)"1,(b)) = I(a ® 7,(b)).)
It follows from this formula that if /(a ® ¢) = 0 for all ¢ € (T(A4)), thenl(a ® b) =
for all b € T(A) and, since / is nondegenerate, a = 0. This proves (c).
The properties (d), (), (g) ev1dent1y follow from definitions.
Consider the homomorphism ¥: B — A defined as described in (e) of 7.1. This
homomorphism actually takes its values in T(A) and so the composition written in
(e) of 7.1 coincides with

Blird)liez, 5B
where all groups are finite. From Propositions 6.2.1I1 and 6.3 it follows that the last
composition coincides with

(B)o = (T(4))o = (A4 ® Z,), = (B)o,

which is a restriction of the similar composition in the definition of P-quintet (see
4.1, property (e)). This implies (e).
Thus Claim 7.3 is proved.
The obtained L-quintet (A4, B, &, /, ') will be denoted by (A4, B, a, I, ) ®p L.
The central result of this section is the following

7.4. THEOREM. 1. Any two P-quintets are R-equivalent if and only if the correspond-
ing L-quintets are isomorphic.
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1. For any L-quintet (A, B, &, I, ) there exists a P-quintet (A, B, a, I, ) such that
(A, B,a,l,y)= (A, B,a,l,{)®pL.

The proof of Theorem 7.4.1 will use the following two theorems.

7.5. THEOREM. Any two P-quintets (A,, B,, a,,l,,{,), v = 1,2, are R-equivalent if
and only if there exist P-homorphisms ¢: A, - A,, §& B, = B,, ¢§: A, -~ A4, &
B, — B, such that the following conditions hold:

(a) the following diagrams are commutative:

P®1 P®1
4,02, - 4,97, A®L, — A,®L,

la la, la la,
Bl - Bz Bl - BZ
£ 3
)Y 0 (E® 1) =4y (15, ®E),
© 112 (D |ray) ® 1ray) = o (g, ® P |T£A,))’
(d) the homomorphisms @ o @, §o @, 0§, &o& coincide with multiplications by
(zz2)™ € P for some m = 0.

A P-quintet (A4, B, a, [, ¢) will be called minimal if the module 4 is minimal.
7.6. THEOREM. Any P-quintet is R-equivalent to some minimal P-quintet.

The proofs of Theorems 7.5 and 7.6 will be obtained in further sections.

7.7. PROOF OF THEOREM 7.4.1. Suppose (A4,, B,,a,,!,,¢,), v = 1,2, are two
contiguous P-quintets and let ¢: 4, —» 4,, & B, > B,, ¢: A, — A, & B, — B, be
homomorphisms from the definition of contiguity of P-quintets (see 4.1). Let
(A,, B, a, [,§)=(A, B,a,l,y)® L, v=12 Let us show that these L-
quintets are isomorphic. Define the homomorphisms

®: 4, - 4,, Z: B, - B,
by the formulas

P(a®1)=9¢(a)®z7"!, EZ(b®1)=¢&0b)®z7",
where a € 4,, b € B,. Similarly, define
&:4, -4, =B -8,

by the formulas
d(a®1)=¢(a)®z!, Eb®1)=Eb)®z"

for a € A,, b € B,. The condition (d) of the definition of P-quintet contiguity in
subsection 4.1 implies that ® and ® are mutually inverse isomorphisms. Similarly, =
and = are mutually inverse isomorphisms. It is easy to see that ® and = satisfy all
conditions of L-quintet isomorphism in subsection 7.1.

This proves that R-equivalent P-quintets define isomorphic L-quintets.

Now suppose (4,, B,, a,, [,,{,), v = 1,2, are two P-quintets of the same parity
and such that their corresponding L-quintets (/fy, B,,, a,, l:,, 11:,,), v = 1,2, are iso-

morphic. We want to prove that the initial P-quintets are R-equivalent. By Theorem
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7.6 we may additionally suppose that the initial P-quintets are minimal. Then, by
Lemma 5.5, the homomorphisms p,: A, - 4, ®p L = A,, where p,(a) =a ® 1 for
a € A,,v = 1,2, are monomorphisms. Let ¢: 4, - A4,, & B, — B, be isomorphisms
from the definition of L-quintet isomorphism (see subsection 7.1). Arguments similar
to those used in subsection 5.8 prove that there is an integer n = 0 such that
qS((zz_)"im;L,)Cimyz, (22)"im p, C ¢ (imp,).
We may additionally suppose that n is so large that
Z"(AV®Z2)+ :0:2_”(AV®ZZ)_’ Zn(BV)+:0:Z_”(Bv)—

for v = 1,2. Consider the homomorphisms ¢: A, — 4,, §: A, > A, given by the
formulas

pla) =p3' o pon((22)'a), a€a,

$(a) =pi' o ¢ opy((22)"a), a€A4,.
Consider also the homomorphisms A,: B, — B, for which A\, (b)=b® 1, b € B,,
v = 1,2. These homomorphisms may not be monomorphisms. But according to 6.2
the homomorphisms A, = A, | , are isomorphisms. Define £&: B, - B,, §: B, - B,
by

£(b) = (22)"X) 0o y(b), bEB,

§b) = (22)"N' o &1 o Ny(b),  bEB,.
We omit the trivial verification that the homomorphisms ¢, £ ¢, S satisfy all
conditions of Theorem 7.5 (with m = 2n in (d)). By this theorem the P-quintets
(A,, B,,1,,¢,), v = 1,2, are R-equivalent. Thus Theorem 7.4.1 is proved.

7.8. PROOF OF THEOREM 7.4.11. Let (A, B, &, I, ¥) be an L-quintet. We want to
construct a P-quintet (A4, B, a, I, ) for which (4, B, &, /, ) ®; L is isomorphic to
(A, B, & [,y). By Theorem 5.3 there exists a finitely-generated over Z, P-module A
such that A ®, L ~ A. By Theorem 5.2 and Lemma 5.6 we may suppose that A is
minimal. Let the module B be given as the sum of

B=B,®B,®B,®B,® B,
where
B]:E’ B,=(4®1Z,),, B,=(4®1Z,),
B, = (Hom(4;Z,)), , Bs = (Hom(4;Z,))._.
Define a: A ® Z, — B as the direct sum of the following three homomorphisms:
0y (A®Z,),~A®Z,~B =B, =(B),
a,:(4®Z,), 2B,>B, «a:(4A®Z,) >B;>B.

The not-denoted homomorphism in e, is the composition of the isomorphism
(A®Z,),~(A®L,)®pL, which was constructed in Proposition 6.2.III, and of
the isomorphism (4 ® Z,) ®p L ~ (A ®pL) ® Z, = A ® Z,, which exists owing to
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the commutativity of the tensor product operation. The not-denoted homomor-
phisms in the definitions of «, and «_ are the identity maps.

Now let us define form /: T(A4) ® T(A) - Q/Z. Let p: A - A take a E A to
a® 1€ A®,L. (Here we identify 4 ® L with A.) Let k = p |T(A). The minimality
of A implies that p is a monomorphism and « is an isomorphism (see Lemma 5.5 and
Proposition 6.3). Put / = /o (k ® ).

Let us define form y: B ® B — Z, by the matrix

¢y 0 0 0 0
0 0 0 0 &
0 0 0 & 0
0 0 & 0 0

0 & 0 0 O

where the prime denotes the transposition and the forms

8:(4®1Z,), ®(Hom(4;Z,)). > Z,>Z,,

0:(A4®Z,) ® (Hom(4;Z,)), ~Z,>Z,
are restrictions of the canonical form

(A®Z,)®(Hom(4;Z,)) - Z,,

which takes x ® f to f(x) for x €A ®Z,, f € Hom(A4;Z,). (Here we identify
Hom(4; Z,) with Hom(4 ® Z,; Z,).)

As the result of all these constructions we obtain the collection (A4, B, a, [, ). One
can easily see that it is a P-quintet, i.e. it satisfies conditions (a)-(g) from subsection
4.1. For example, to verify (e) notice that y(b ® a(w(a))) =0 for a € T(A) and
b € (B), or b € (B)_ (it follows from the minimality of A). Therefore, the restric-

tion of y, which was defined in 4.1(e), on (B), and on (B)_ are equal to zero.
Moreover, there is a commutative diagram

B L T(4)
nl ~ |k
B - T(A4)

i
where 7 is the projection on B, = B. This implies that the restriction of the
composition

(+) BLT(4)24®Z,%B

on (B), ®(B)_ is equal to zero and its restriction on ( B), is equal to
.7 - T~ & ~
B-T(A)>A®Z,—~B=B, =B,

which coincides with multiplication by 2 by virtue of the definition of L-quintet.
Since the groups (B), and (B)_. are of exponent 2, the whole composition (*)
coincides with the multiplication by 2.
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This proves the property (e) of the definition of P-quintet in 4.1. Other properties
(a)—(g) can be proved similarly. So (4, B, a, /, ) is a P-quintet. It is clear that

(4, B, ,4) ®p L= (A4, B,&l).
Theorem 7.4 is proved.

8. Minimization of isometries. In this section Theorem 7.6 will be proved.
Although this theorem is purely algebraic, it will be deduced by means of a general
homotopy construction of isometries prompted by the geometrical construction of
spherical modifications. This construction, also called modification, allows us to
construct all isometries contiguous to the given one. We study the change of the
homology modules under modifications and on this base prove that any isometry is
R-equivalent to (X, u, z) for which all modules H,(X; Q) are minimal. Then we
strengthen this theorem for isometries with length X < 2 and, using the relation
between P-quintets and isometries (see 4.4 and 4.5), we obtain the proof of Theorem
7.6.

It is clear that the proof of Theorem 7.6 given here can be made purely algebraic
by applying functors H,, o, , (see §§3, 4). However, the proof thus obtained would
be more intricate. On the other hand, the technique of modifications, to the
development of which the largest part of this section is devoted, can be applied as
well to another problem on stable knots.

Let us begin with some easy facts concerning the category Stab,. Recall that any
diagram

i
A, =BsA4,
m 2
consisting of objects and morphisms of some additive category is called a direct sum
diagram if the following relations hold:

77,01,=141, 772012=1A2, ipom +iyom=lg.

From these equalities follows 7, o i, =0 =, o i, (see [13, Chapter IX §1]). The
object B is denoted 4, ® 4,. Any two morphisms f: C — 4,, g: C - A, define
morphism f ® g: C — 4, © 4, by the formula f® g =i, o f+ i, o g. Similarly, any
two morphisms ¢: A4, — D and y: A, — D define morphism (g, y): 4, ® 4, - D by
the formula (¢, ¢) = @ om + o m,.

8.1. PROPOSITION. The diagram
i
X, =%
K|

consisting of the object and morphisms of the category Stab, can be supplemented to a
direct sum diagram if and only if m, o i, = 1o . For any two direct sum diagrams

iy iy iy i3
X, =2¥sX,, X =2YsX,,
m m™ m m

there exists an S-equivalence ¢: K., » K with iy o @ = iy, @ omy = 7.
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ProoOF. Consider the S-map f: U - Y, f= 1y — i, o 7,. From 7, 0 i, = Iy, fol-
lows f2 = f. Applying the splitting idempotents in Theorem 1.7, we obtain a virtual
complex X, and S-maps i,: X, —» Y, 7,0 Y - X, withmy 0 iy, = 1y and iyom, = f
= lg — i, o 7. Thus we get the direct sum diagram. -

The uniqueness statement is evident: one may put ¢ = m; o i,. The inverse to ¢
S-equivalence is ¢ = m, © i5.

8.2. We shall use the mapping-cone construction in the category Stab,. If f:
% — % is an S-map then for some sufficiently large N the complexes ZVX and V%Y
are true and =Vf may be realized by a continuous map g: VX — SN¥Y. The
mapping cone C( f) is defined to be the virtual complex =~¥C(g), where C(g) is the
mapping cone of g in the usual sense.

For any S-map the Puppe sequence takes place,

EI
xLla - c(f) -z,

being exact in the sense that it induces exact sequence of abelian groups in any
homology and cohomology theory.

8.3. Further we shall use some well-known properties of the stable Hurewicz
homomorphism h;: 6, (X)) - H(X):

(a) if X is a (k — 1)-connected virtual complex then 4, is an isomorphism and
h, ., is an epimorphism,

(b) the rational Hurewicz homomorphism 0,(X) ® Q — H,(%X; Q) is an isomor-
phism for all i € Z.

8.4. Let us start to describe the modification construction. Suppose we are given
an n-isometry (%X, u, z) and a pair of S-maps

a:X > and B:£->%X

such that 8 o a = z. Here L is a virtual complex. Consider the virtual complex 9N
which is dual to £ by means of some duality v: £® 9 - S"*'. Let us define
S-maps y: X - O, §: IM - X by demanding that the following relations (1), (2)
hold:
(1) ve (1,®y) =ue (B® ly),
(2) D°(a®l\3m):u°(19(®8).
These uniquely define y and & because « and v are dualities. We have u o (15 ®
Soy)=vo(a®y)=uo(Boa®@ly)=uco(iz® ly)=uo (ly ®2) where 7 =
1 — z as usual. From this follows § c y = z and so
(3) Boa+8oy=1.

The S-maps « and y define S-map i: X. - £ @ 9N, and the S-maps B and & define
S-map m: £ ® I - X (see the remark before subsection 8.1). Then (3) means that
m o i = ly. By Proposition 8.1 there exists a direct sum diagram

X =L@ M=,

m
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S-maps 7, and i, give S-maps
a: X, -, BrL-X,, y:X, -9, §:M-X,,
where «, and vy, define i,, and B, and 8, define =, (in the sense of the remark before

Proposition 8.1).
Let z;: X, — 9, be given by the formula

(4) zp=38,°7
andu;: X, ® %X, - S"*' by
(5) u, :—U°(0‘|®Y|)+(—1)nv'°(71®a|)'

We shall show in subsections 8.5-8.7 that the triplet (%X, 4, z;) is an n-isometry
contiguous to the initial one. To do this we have to obtain some relations between
the S-maps constructed.

8.5. The equality ioa + i, o7 = logey 1s equivalent to the following four
equalities:

(6) aeB+taopB =1,
(7) YeB+ v, 0B, =0,
(8) acd+a 08 =0,
9) yod+y, 08, = lo.

Similarly, equalities m, o i} = lo , 7 o i} =0, m; o i = 0 are equivalent to the follow-
ing three equalities:

(10) Bioay+8 0y = Lo,
(11) Boa, +80y, =0,
(12) Biea+8 oy=0.

8.6. Let us now verify that triplet (X |, u,, z,) satisfies all conditions (a), (b), (c) of
2.1 and so it is an n-isometry.
Condition (b) is obviously satisfied. We have

u° (zl ® 16)6.) =-vo(e0o80°7,®y)+ (-1)"v o (108,07, ®q).

From (8) and (11) it follows that aj 08, 0oy, = -aodoy, =acBoa, and (9)
impliesy, 8, oy, =y, — y©° 6 o y,. Then

uyo(z,® 1%) =wvo(aofoa, ®y)+ (-1)"vo(y,®aq))
~ (1) e (yedoy, ®a)).

Using (1) and (2) we obtain ve (aeoBoa, ®@y)=uo(Boa, ®doy)=vo(a
® y o § o v,). Consequently,

uo(z,® 1%) =vo(ae,®yodoy)+(-1)"vo(y,®aq)
—(-D)" o (y,®acBoa)
= vo(e,®yo80y)+ (-1)"vo(y,®a °B ca).
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From (11) and (7) it follows thaty o § o y, = vy, o 8, o «;, and so
u° (Z, ® l‘z’(,) =-vo(a®y 0B oa)+ (_1)"0,° (Yl ®aop oa))
=u e (l‘.‘\', ® B o) =uo (ls\‘, ®Z_1)-

This proves (c) of subsection 2.1.
To prove (a) let us consider the n-isometry (£ © O, U, Z), where U: (£E® M) ®
(PLO®M) - S" " and Z: £ ® M — £ & I are given by the matrices

0 0
0 1y

v

0 d
(_l)n+lv, 0 an

L}

respectively. We have
Uo(i®i)=ve(a®y)+ (-1)"""v' o (y®a)

=ue(Bea®ly)+ (1) ue (Boa® 1))
=uo(z®1ly) tue(ly®z)=u.

Similarly, one can obtain Uo (i®i)=0, Uo(iy®i)=0, Uo (i;®i) = —u,.
Thus if §: X ® X, - £ ® IM is an S-map defined by / and /, (in the sense of the
remark before Proposition 8.1), then U o ({ ® {) is given by the matrix [ _OI |. On
the other hand, U is a duality map and { is an S-equivalence (because / and i, take
part in the direct sum diagram). Thus U o ({ ® {) is a duality and so is u,.

Thus we have proved that (X, u,, z,) is an n-isometry.

8.7. Let us show that this n-isometry is contiguous to (X, u, z). Define S-maps ¢:
X - X, and ¢: X, —» X by the formulas ¢ = 8, oy, y = -B o a,. We have { o z =
SioyoBoa=-§,0y,0B8,ca=28 °y,08,°y =2z og (here equalities (7) and
(12) have been used), Y oz, = -Boa, 08,0y, =Boacodoy, = -Boaofoa =
z o (here equalities (8), (11) have been used). Besides, p oy = -6, 0 yo Boa, =
SiomoBioa =8 oy, —8 oy 08 0y, =z —z{ =20z ((7) and (10) have
been used) and similarly, o ¢ = z o z. This proves properties (II) and (III) of the
definition of contiguity in 2.2. We now have to verify (I). We obtain

uy o (la, ® @) =-vo(a®y, 08, 07)+ (-1)"v' o (y,®a 28 )
=-vo(a,®y) +vo(a®yodoy)+(-1)""[vo(acdoy®y)]
= -uo(Boa,®ly) +vo(a®yodoy)+(-1)""[uc(8oy®8oy,)]
=uo(Yy®ly)tuo(Boa,®8oy)+uo(doy, ®8oy)=uo(y®ly).

Here equalities (9), (8), (1) and (11) have been successively used.

8.8. So, if an n-isometry (%X, u, z) and a pair of S-maps a: X — £ and B: £ - X,
such that B8 o a = z, are given, the new n-isometry (X, u,, z,) is defined. We shall
refer to it as the modification of the initial isometry corresponding to a and 8. Any
modification is contiguous to the initial isometry. The converse statement is also
true: any isometry which is contiguous to (%X, u, z) is its modification corresponding
to some £, a, 8. We shall not use this fact and so shall not prove it here.

8.9. From (1) and (2) of subsection 8.4. it follows that to give « and f is the same
as to give y and 8. So in the situation when an n-isometry (X, u, z), a virtual
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complex M and S-maps y: X - M, §: M - XA with § oy =z are given, the
modification (°X |, u,, z,) is well defined up to congruence.
8.10. Suppose we are given n-isometry (X, u, z). Consider the Puppe sequence

z A b
NX->K - C(z)>ZX->Z'X

of the S-map z. Let us show that any S-map f: Y — C(z) defines some virtual
complex £ and a pair of S-maps a: X — £, B: £ — X with 8 o a = z. Consider the
following commutative diagram:

Aof X
Y - s'x L c(aef)

fi A p
1

cz) 5 x T sx

where the upper horizontal line is the part of the Puppe sequence of S-map A o f.
Thus it follows that there exists an S-map p, shown by the dashed arrow on the
diagram and such that p o k = =' z. Then we can put

E=3'C(A°f), a=Z%, B=Z="u

Thus, if an n-isometry (X, u, z) is given, then any S-map f: U — C(z) defines
some n-isometry (X, u,, z,), which is contiguous to the initial one and will be
referred to as the modification of (°X, u, z) corresponding to f.

Similarly, any S-map g: ¥ — C(Z) defines some virtual complex 9N and a pair of
S-maps y: X — I, 8: M — X with § o y = z. From the remark 8.9 it follows that
any S-map g: Y — C(Z) defines an n-isometry contiguous to the initial one. It will
also be referred to as the modification of the given isometry corresponding to g.

8.11. We shall further use the construction described in the preceding subsection
when % is a sphere.

The aim of the statements below is to establish the relation between the homology
of the initial isometry and the homology of its modifications. Here we make some
remarks necessary for the formulations of these statements.

We shall constantly bear in mind that for any isometry (%X, u, z) and for any
homology theory 4, the groups A,(°X) have the natural structure of modules over the
ring P = Z|[z]. This structure is given by the formula za = z,a, where a € h,(X).

The symbol A: C(z) — ='X will denote the canonical S-map from the Puppe
sequence at the beginning of 8.10. If £ € ¢, (C(z)) then 0§ will denote the homology
class in H,,_(X) which is the image of A,(¢) € 0,(2'X) under the Hurewicz
homomorphism.

8.12. PROPOSITION. Let (X, u, z) be any n-isometry and & € 0,(C(z)) be an
element such that 9§ € H,, \(X) has infinite order. Let (°X|, uy, z,) be the result of
the modification of (°X, u, z) corresponding to ¢. Then

(a)rank H (X)) = rank H(X) fork #m — L,k #n + 2 — m;

(b)if2m # n + 3, then
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rank H, (X,) = rank H,_ (X)) — 1,
rank Hn+2—m(%'l) = rank H,,+2_",(€X) - 1’
(©)if2m = n + 3, then
rank H, _ (X ,) =rank H,_ (%) — 2.
PrOOF. The element § € o, (C(z)) represents the S-map & S™ — C(z). (Note that
m can be negative here. For negative m, sphere S™ is defined to be the virtual
complex (S°, m).) As it was pointed out in 8.10, the S-map ¢ defines some virtual

complex L and S-maps a: X — £, B: £ —» X with B o & = z. Then there is the Puppe
sequence

sa 38
N - 8" - BT
where the S-map on the right represents the class 9¢ € H,_,(°X). Since 9¢ has
infinite order, the homomorphism
a,: H(X:;Q) - H(2;Q)
is an isomorphism for i # m — 1 and an epimorphism for i = m — 1. In this last

case the kernel of a, is the one-dimensional subspace of H,,_,(X; Q) generated by
9¢. From this it follows that

(13) rank H,(X') = rank H,(£) fori#m—1,
(14) rank H, (X) =rank H,,_(2) + 1.

As it was pointed out in subsection 8.4, the collection £, a, B defines a direct sum
diagram

X =0 ® M =X,
and so
(15) rank H,(X,) = rank H,(£) + rank H,(9N) — rank H,(X).
Since there is the duality map v: £ ® O —» S$"*! then
(16) rank H,(9) =rank H,,,_,()

for all i. Similarly,
rank H,(X) = rank H,,,_(X).
From this and (13)-(16), all statements (a), (b), (c) of Proposition 8.12 easily follow.

Note that the analogy of Proposition 8.12 is true, where C(z) appears instead of
C(2).

An n-isometry (%X, u, z) will be called rationally minimal if P-modules H,(°(; Q)
are minimal for all i € Z. The following theorem is a generalization of a well-known
Trotter theorem [14] stating that any Seifert matrix is S-equivalent to some non-
degenerate one.

8.13. THEOREM. Any n-isometry is R-equivalent to some rationally minimal n-isome-
try.
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PrOOF. If the n-isometry (°X, u, z) is not rationally minimal then there is an
element a € H(%X;Q), a # 0, such that za =0 or za = 0. Suppose za =0 for
definiteness. From the exact sequence

H,. \(C(2):Q) = H(%0: Q) > H,(%: Q)

it follows that there exists n € H,,,(C(z); Q) with A,n = a. Since the rational
Hurewicz homomorphism is an isomorphism, there is a £ € o, ,(C(z)) which goes to
mm under the rational Hurewicz homomorphism, where m # 0, m € Z. Then using
8.11 we have 9§ = ma, and so 9 is of infinite order. Let (X, u;, z,) be the
modification of (X, u, z) corresponding to £ (see 8.10). Then by Proposition 8.12
(o] (o]
2 rank H(X,)= Y rank H(%) —2.
J=-00 J=-00
The sums on each side of this equality are, in fact, finite. If the obtained isometry
(%X, uy, z,) is not rationally minimal, too, then one can apply to it the just described
procedure to obtain (X,, u,, z,) which is contiguous to (X, u,, z,) and
2 rank H(X,) = ¥ rank H(X,) — 2.
Jj=-0o Jj=-
Using the induction we get the sequence of n-isometries (%X, u,, z,) such that (a)
(Ko, ug, 29) = (X, u, z); (b) the isometry number k is defined if and only if the
isometry number k — 1 is not rationally minimal; (c) isometries with the neighbour-
ing numbers are contiguous; (d) the following equality holds:
o0 oC
Y rank H(X,)= 3 rank H(%, |) —2.
j=-00 j=-00
From this equality it follows that the constructed sequence of isometries must be
finite. It is clear that its last member is a rationally minimal isometry R-equivalent to
the initial one.

The theorem is proved.

If the n-isometry (°X, u, z) is rationally minimal, then for all i € Z the multiplica-
tion by zz € P is an isomorphism H,(X; Q) —» H,(°X; Q). From this it follows that if
two n-isometries (X, u,, z,), v = 1,2, are R-equivalent and each of them is rationally
minimal then P-modules H(X|; Q) and H(X,; Q) are isomorphic for all i. In fact,
since these isometries are R-equivalent there exist S-maps ¢: X, - X,, y: X, > X,
such that

o (1o, ® @) = uy o (Y© 1y ),
200 =@z, Zyoy=9yoz,,
poy=(2,07)", Yyop=1(z07)"
where m > 0 is some integer. From the last two relations it follows that ¢ and ¢
induce isomorphism of rational homology modules.

We shall now strengthen Theorem 8.13 for the 2g-isometries on complexes with
length < 2.
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8.14. THEOREM. Any 2g-isometry (°X, u, z) with length X < 2 is R-equivalent to the
2g-isometry (X, ugy, zo) such that lengthX, <2 and all P-modules H(X,) are
minimal, i € Z.

Notice at once that since lengthX <2, H(X) and H,, (X) may only be
nonzero. Besides, the duality map  defines the isomorphism H_, ,(X) =~ H(X; Z)
= Hom(Hq(?)C); Z) and it is a module isomorphism if P-module structure is
introduced in Hom as it was pointed out in the Note at the end of 7.1. Thus
H,, (%) is minimal if H (%) is.

For the proof of Theorem 8.14 we shall need some auxiliary statements.

8.15. PROPOSITION. Ler (X, u, z) be an n-isometry and &€ € 0,(C(z)) an element.
Let (K|, uy, z,) be the modification of (X, u, z) corresponding to & (see 8.10). Then

(a) if 3¢ € H,,_ (X)) (defined in 8.11) is a primitive element, then H(X |) ~ H,(°X)
for all i besidesi = m — landi=n+ 2 — m;

(b) if 8¢ is primitive and 2m < n + 3, then

Hm—I(G'X/I) ~ Hm—I(G-X’)/ (ag)’

() if & is of finite order then H(X ) ~ H(X) for all i besides i = m — 1, i = m,
i=n+1-—m

(d) if 3¢ is of finite order and 2m < n + 2 then

H, (%X,)~H,_(X)/(3%);

(e) if 3¢ is of finite order and 2m = n + 2 then in H,, _(°X,) there is an element k of
infinite order such that

Hm—l(%l)/ (k) ~H,_,(X)/ (2¢).

This proposition remains true if one replaces C(z) by C(z).

Recall that an element a of a finitely-generated abelian group A4 is called primitive
if there exists a homomorphism v: 4 — Z with v(a) = 1.

The proof of the Proposition 8.15 will use the following lemma.

8.16. LEMMA. Suppose that in an exact sequence of abelian groups

0—A-B®CLD-0,

i is the sum of homomorphisms f: A — B and g: A — C. If f is an epimorphism then the
restriction of j to C defines an isomorphism C/g(ker( f))> D.

PROOF OF THE LEMMA. Let k: C — D be the restriction of j to C. If dE€ D
then d = j(b + ¢), for some b € B and ¢ € C. But b = f(a), where a € A. Then
Jj(c — g(a)) =d and ¢ — g(a) € C. Thus k is an epimorphism. The kernel of k
clearly coincides with g(ker( f)) and so the lemma follows.

8.17. PROOF OF PROPOSITION 8.15. The element £ € 0,(C(z)) is an S-map &:
S™ — C(z). This S-map defines virtual complex £ and S-maps a: X - £, B: £ - X
with 8 o a@ = z (see subsection 8.10). According to the construction, a takes part in
the following Puppe sequences:

a Ao
(17) Xoe sty
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As was shown in subsection 8.4, the collection £, a, B8 defines the direct sum
diagram

X =L ®M=X,,
and so there is an exact sequence
(18) 0~ H(X) > H(R) ® H(9M) S H(%X,) - 0.

Here i, is the sum of a, and vy, (we are using the notations of 8.4). Considering the
sequence induced by (17), we see that if 3¢ has infinite order, the homomorphism a,:
H(X) - H(L) is an isomorphism for i # m — 1 and is an epimorphism with
kernel (3¢) for i = m — 1. Applying Lemma 8.16 to the exact sequence (18) we see
that the restriction of m,, to H,(9U) is an isomorphism for i # m — 1 and is an
epimorphism for i = m — 1. Thus in the notations of subsection 8.4 we get that

(19) 8141 H(9N) - H(X,)
is an isomorphism for i * m — 1 and an epimorphism with kernel y,(9¢) for
i=m-— 1.
The duality map v: £ ® I — S"*! (see 8.4) defines an isomorphism
D: H(9) - H*'7(R),
where D(z) = v*z,,,/z, z € H(9) and z,,, € H""'(S"*"') is the fundamental
class. The duality map u: X ® X — S"*! similarly defines an isomorphism
D H(X) - H"™'7(X).
The equality (2) in subsection 8.4 implies that the following diagram is commutative
up to sign:
H™'7(R) S Hypyo (%)
~tD ~1 D,
8*
Hi( M ) - H, ( X )
Considering the sequence induced by (17) in cohomology we see that
a*: H(L) - H/(X)
is an isomorphism for j # m — 1 (if we additionally suppose that 0§ is a primitive
element). This implies that the homomorphism
(20) 8, H(M) - H(X)

is an isomorphism for i # n + 2 — m. Now comparing the obtained information on
homomorphisms (19) and (20) we get (a).

If2m<n+ 3, thenm — 1 <n + 2 — m. Therefore é,,: H,,_ (9 ) - H,_ (X))
is an epimorphism with kernel v,((9¢)) and 8,: H,_,(9) - H,_(X) is an
isomorphism. Then

8y 0 8;11 H,_(%X) - Hm—l(%l)
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is an epimorphism with kernel §, © y,((9£)). Bit in subsection 8.4 we have proved
that§ oy = 7 = 1 — 2, and on the other hand ='z A = 0 (see 8.10). Thus z(3¢) =
(2'2), 0 A (§) =0, 8, °v,((38) = (3¢), and so H,_,(%X,) is isomorphic to
H, _(%X)/(3£). This proves (b).

Proofs of statements (c), (d), (¢) will be obtained similarly. If 3§ € H, _ (X)) is of
finite order then

a,: H(X) - H(£)

is an isomorphism for i # m — 1, i # m, and «, is an epimorphism with kernel (3¢)
for i = m — 1. This information and Lemma 8.16 as above imply that the homomor-
phism

(21) 814 H(IM) - H,(X,)

is an isomorphism for i # m — 1, i # m, and it is an epimorphism with kernel
v,((0%)) for i = m — 1. On the other hand, a*: H/(2) - H’/(X) is an isomorphism
for j % m. Using the duality maps u and v one deduces now that

(22) 8,: H(IM) — H(X)

is an isomorphism for i # n + 1 — m. Statements (c) and (d) follow from the
obtained information on (21) and (22).

To prove (e) note that 8,,: H,_(9M) - H,,_(X,) is an epimorphism with
kernel v,((3¢)), and a*: H™(£) — H™(%X) is an epimorphism, the kernel of which is
an infinite cyclic group generated by some element { € H™(£). Consider the
following diagram:

Hm—l(%l)
LI
D
Hm‘l(m) : Hm(g)
18, |a*

DI
H, (X) - H"(X)
It is commutative up to sign. Let § = D~'({). Then 8, is an epimorphism with the
kernel (#). The intersection of the subgroups (v,(9¢)) and (8) is equal to zero since
the first of them is finite and the second is isomorphic to Z. So the element
k = §,,(0) has infinite order. Besides,

H, (%,)/ (k) ~H,_()/(8,7,(3¢))

and similarly,

H, (%)/(3¢) ~H,_,(9)/(8,7,(3¢)),

where (0, v,(9¢)) denotes the subgroup generated by 8 and v,(9£). To base the last
relation we have to note once more that §, ° v,(0¢) = 9. These two isomorphisms
give statement (€).

Proposition 8.15 is proved.
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8.18. LEMMA. The isomorphism constructed in the proof of statement 8.15(b) is a
P-isomorphism.

PRrOOF. Proving statement 8.17(b) we have established that 8,0 8,': H,,_ (X)) -
H,_ (X,) is an epimorphism with the kernel (0f) (we use the notations of
subsection 8.4). To prove the lemma it is sufficient to prove that f = 8,0 8,' is a
P-homomorphism. If a € H,,_,(°X), then

f(za) = 8y, 0 55 0 B, o ay(a)  (by virtueof (3))
=§,,°8,'(a) —8,,°v,(a) (by virtue of (12))
=38y, 08.'(a) + By, 0 a,(a)
=8,0°8.'(a) + B,ea, 08, 08;'(a) (by virtue of (8))
=8,°8;'(a) =B, oa,°8,°8;'(a)  (byvirtue of (10))

=8, ° Y1, ° 8, 08,'(a) =z, 0 f(a) = zf(a).

This proves Lemma 8.18.

8.19. PROOF OF THEOREM 8.14. Let (°X, u, z) be any 2g-isometry with length %X < 2.
Then the mapping cones C(z) and C(z) are (g — 1)-connected. If the P-module
T(X) = Torsg H(X) is not minimal, then there exists an element a € T (%),
a # 0, such that za = 0 or za = 0. Suppose for definiteness that za = 0. Then there
exists n € H,,,(C(z)) with A,n = a. By virtue of the Hurewicz Theorem (see 8.3)
there exists £ € o, (C(z)) which is taken to n by the Hurewicz homomorphism.
Then we have 0§ = a (in the notations of 8.11).

Let the 2g-isometry (%X,, u,, z,) be the modification of the (%X, u, z) correspond-
ing to £ According to 8.15(c) the virtual complex X, is also (g — 1)-connected.
According to 8.15(e) the order of T,(X)) is less than the order of T,(%X). Producing
the just described construction a finite number of times we shall get 2g-isometry
(%X, uy, z,) such that (a) it is R-equivalent to the initial isometry; (b) length X < 2;
(c) the P-module T (%X,) is minimal.

Suppose that the P-module H (X, ) is not minimal. Let us show then there is some
primitive element ¢ € H(X,) with zc = 0 or zc = 0. If a € H (%X,), a #0 is such
that za = 0 then a cannot belong to 7 ( X,). Thus a = mb, where m € Z and b is a
primitive element. Then m(zb) = 0 and hence zb € T ( %,). Since the multiplication
by z is a monomorphism T,(¥X,) - T(X,) of the finite group to itself, then it is an
epimorphism and so there exists b, € T,(X,) with zb, = zb. The element ¢ = b — b,
will satisfy all required conditions. Arguments similar to those used in the previous
paragraph show that there is a { € o, (C(2)) with 9§ = c. Let (X, |, 4,4, 2,41)
be the modification of (X, u,, z,) corresponding to {. Then according to 8.15(a)
conn X, =g — 1 and according to 8.15(b) the rank of H (X, ,) is less than the
rank of H(%,). The module T(%X ) is also minimal (it follows from the
statements 8.15(b) and 8.18). After a finite number of such modifications we obtain
an isometry (X, u,, z,) with r > s such that (a) it is R-equivalent to the initial
isometry: (b) length X, < 2; (c) the module H (%X,) is minimal. As it was pointed
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out in the remark after the formulation of Theorem 8.14, this isometry satisfies all
required conditions.

This proves Theorem 8.14.

8.20. PROOF OF THEOREM 7.6. The proof merely follows from the comparision of
Propositions 4.4 and 4.5 and Theorem 8.14.

9. The proof of Theorem 7.5. Although Theorem 7.5 is quite similar to Proposition
5.7, we find an essential new difficulty in its proof, caused by the fact that the
module B being the part of a P-quintet (A, B, «, /, ) with minimal module 4 can be
itself not minimal. That is why we have to consider the modules (B), and (B)._
measuring nonminimality of B. These modules (B), and (B)_ are extensions of
some modules determined by A. The main result of this section which allows us to
mange the difficulty mentioned above is Theorem 9.3, stating that the type of these
extensions is not invariant of the R-equivalence class.

9.1. Let (A4, B,a,l,¢y) be a P-quintet. According to the definition it gives the
following exact sequence of P-modules:

a« B
0-A4A®Z,->B-Hom(A4;Z,) - 0.

(The P-module structure in Hom(A4; Z,) is introduced by the rule: (zf )(a) = f(za),
see the Note at the end of subsection 7.1.) By virtue of 6.2.1V it generates the exact
sequences

g BO
0-(4®Z,),~(B),—~(Hom(4;Z,)),~ 0,
a. B.
0-(4®Z,), >(B), »(Hom(4;Z,)), — 0,

0-(4®2,) 5(B). 5 (Hom(4;2,)).— 0.

The first of these sequences will be called 0 extension of the quintet (A4, B, a, [, ¢).
Similarly, the second will be called + extension and the third will be called —
extension of this quintet. A P-quintet will be called almost simple if its + extension
and — extension split over Z. A P-quintet will be called simple if its + extension
and — extension split over P.

Let us note that the form ¢ establishes isomorphism between the + extension and
the extension consisting of the character groups of the — extension. Thus the +
extension splits if and only if the — extension does.

9.2. LEMMA. Any minimal P-quintet is almost simple.

PROOF. Let (4, B, a, l,y) be a minimal P-quintet. It is sufficient to show that
(B), and (B)_ are vector spaces over Z,. According to condition (e) from the
definition of P-quintet in 4.1, the multiplication by 2 coincides with the composition

Y T a
B-A-A®Z,-B
where, for b € B, y(b) satisfies the condition

1I(v(b) ® a) = ¥(b ® a(7(a)))
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for all a € T(A). If b € (B), then z"b = 0 for some n. The minimality of the initial
quintet implies minimality of T(A). Therefore T(A4) = (T(A)), and thus for all
a € T(A) there exists an a; € T(A) such that z"a, = a (see 9.2.1). So
1(v(b) ® a) = y(b ® a(7(a))) = ¥(b ® Z"a(7(a,))) = ¥(2"b ® a(7(a)))) = 0
Hence y(b) =0 for b € (B), and thus 2(B), = 0. Similarly 2(B)_= 0 and the
lemma is proved.

9.3. THEOREM. Any P-quintet is R-equivalent to a minimal simple P-quintet.

PROOF. By virtue of Theorem 7.6 (which was been proved in the preceding
section) it is sufficient to show that any minimal P-quintet (A4, B, a, /, {/) is R-equiv-
alent to a minimal simple P-quintet. To do this we construct the sequence of
minimal P-quintets in which each quintet is contiguous to the next one and we show
that all these quintets beginning with some member are simple.

The first P-quintet (A4, B}, a), [}, ;) we define as follows. Put 4, =4 and
[(a®b)=1(zz)"'a®b) for a, b € T(A,). Since A is minimal then T(4,) is
minimal too and the given definition of /, is correct. Define the following P-
modules:

B! = {(b’ f)€(B), X (Hom(A;Zz))+ ; B(b) = Zz_f},
N, = {(a(a),-zza);a € (A® Z,)_},
B'=((B).®(4® Z2)-)/Nl'
Define the module B, as the direct sum
B,=(B),® B ®B.

Let us define the homomorphism «;: 4, ® Z, » B, as the direct sum of the
following three homomorphisms:

(a)o: (4, ® Zy), = (B)o, ars a(a),
());:(4,©Z,), - B, ar (a(a),0),
(a).:(4,®2Z;) —~ B, a- (0,a) + N,.

Let us define the pairing y,: B, ® B, — Z, by the matrix

k 0 O
0 0 o
0 e O

where k: (B), ® (B), - Z, is given by the formula k(a ® b) = y((zz)'a ® b) for a,
b € (B),, and o: B', ® B! > Z, is given by the formula
o((b, f)®((b',c) + N))) = 4(b®Y) + f(c)
for (b, f) € B, and (b, ¢) + N,) € B
So we have a collection (4,, B, a;, [}, ¥,). It is a P-quintet of parity &. In fact
validity of the properties (a), (c), (d), (), (g) of the P-quintet definition in subsection

4.1 is evident. To verify (b) one has to find the homomorphism 8,: B, - Hom(4,; Z,)
defined by the relation

Bi(b)(a) = 4,(b ® a(n(a)))
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for b € B, a € A,. It is easy to see that now B, is the direct sum of the following
three homomorphisms:

(B)o: (By)o = (B)o = (Hom(4,:Z,))y. b (22)7'B(b).
(B)). : B, =~ (Hom(4,;Z,)). , (b, )=,
(B8)).: B! = (Hom(4,;Z,))_, (B)_((b+c)+ N,) = B(b).
An easy verification shows that there exist exact sequences
(o)), (Bi),
0-(4, ®Zz)# - (BI)/,L - (Hom(Al;Zz))“—»O

where p means 0, + or —. The property (b) now follows from Proposition 6.2.1V.

Let us consider the composition mentioned in the property (e) of the P-quintet
definition in subsection 4.1. Its restriction to (B), coincides with the similar
composition for the initial quintet and thus is the multiplication by 2. The restriction
of this composition onto B!, + B! is equal to zero (because of minimality of 4,) and
so it coincides with the multiplication by 2 too, since B!, ® B! has exponent 2. Thus
(3) is satisfied.

To show that the obtained P-quintet (A4,, B, a;, [,, ;) is contiguous to the initial
P-quintet (A, B, a, [, §) let us define homomorphisms

¢: 4 - A, azza, a € A,
¢: A4, - A, avma, a€A,.
Let & B — B, be the direct sum of the following three homomorphisms:
¢:(B)y—(B)),, b>zzb, b€E(B),
£, :(B).—~BY. b (z2b,B(b)), bE(B),,
¢:(B).— B, b (b,0) + N, be(B)..
Let £: B, — B be the direct sum of the following three homomorphisms:
203(31)0"’(3)0’ bb, b€ (B)),

g, :BY—~(B),. (b.f)mb, (b f)EB,,
¢:B'-(B).,, (b,a)+ N, a(a)+zzb, (b,a)+ N, € B

Then it is easy to verify that @, ¢, £ £ satisfy all conditions of the P-quintet
continguity definition in subsection 4.1.

So we have just described the construction which, being applied to the minimal
P-quintet (A4, B, a, /, {), gave the contiguous minimal P-quintet (A4,, B, a,, |, {,).
Let the P-quintet (A4,, B,, a5, /5, {,) be obtained by applying this construction to
(A,, By, a;, !, ¢,). In general, let the P-quintet number i to obtained by applying
this construction to the P-quintet number (i — 1). By this way we obtain the
sequence of P-quintets (A4;, B;, a,,[;,{y;), i = 1,2,.... Then all these quintets are
minimal and R-equivalent to the intiial one. Let us show that the ith quintet is
simple if i is sufficiently large. In fact, B, can be identified with the direct sum

(B), ® B, ®B!
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where
B = {(b, f) € (B). X (Hom(4;Z,)), ; B(b) = (22)'f},
B! =((B).®(4®1Z,)_)/N,
N, = {(a(a),— (zz')ia); ac€(A® Zz)_}.
This implies that if i is so large that (zz)'(4 ® Z,)_= 0 then B’, is isomorphic to the
direct sum (4 ® Z,), ®(Hom(4;Z,)), and besides, (e;), is the inclusion of the
first summand and (;), is the projection on the second summand. For such i, N,
consists of all pairs of the form (a(a),0) where a € (4 ® Z,), and B’ is isomorphic
to (Hom(A4;Z,))_®(A ® Z,)_ and besides, («;)_ is the inclusion of the second
summand and (8;)_ is the projection on the first summand. But this means that the
ith quintet (A4;, B;, a;, I;, {,) is simple.
Theorem 9.3 is proved.
9.4. LEMMA. Any two minimal simple P-quintets (A,, B,,a,,!,,{,), v = 1,2, are
contiguous if and only if there are P-homorphisms

¢ A~ Ay, 91 A~ A £t (B~ (By)ys 503 (By)y ~(By),
such that the following conditions hold:
(a) the two diagrams below are commutative:

(q7®l)0 (‘i’®l)0
(A1®Z2)o - (A2®Z2)0 (A2®Z2)0 - (A1®Z2)0
()0 ! Lay), (o) 4 Way),
& &
(B))o - (B,), (By), 5 (B,),

()¢, 0 (§,® 1(3,)0) =y (1(32)0 ® &),

© 6 o (Dlreay @ Iay) =Ly 0 (Ipga,y @ ‘PIT(A,))’A o

(d) the homomorphisms @ o @, ¢o @, §,0&,, &, °8&;, & & all coincide with
multiplication by zz € P.

ProoFr. Contiguity clearly implies the formulated conditions. To prove the inverse
statement let us identify B,, » = 1, 2, with the direct sum
(B,),®(4,®2,), ®(4,®Z,) & (Hom(4,;Z,)), ® (Hom(4,;Z,))..
If this decomposition is obtained by splitting the + extension and — extension, then
y, will be given by the matrix

(%) 0 0 0 O
0 0 0 0 &b
0 0 0 e O
0 0 ¢ 0 O
0 8 0 0 O

where (,)o: (B,)o ® (B,)y — Z, is the restriction of y;,, and o and § are restrictions
of the canonical evaluation pairing

(4,®Z,) ® Hom(4,;Z,) —» Z, > Z,.
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Define homomorphisms ¢&: B, — B,, & B, — B, as the direct sums
£=60(p®1), ®(p®1) 0(¢*), ®(¢*),
£=§,9(¢®1),0(¢®1) & (9*), & (9*)_.

Here the star means the dual homomorphisms in the character theory sense. Then

for @, ¢, &, £ all conditions of the definition of P-quintet contiguity (see subsection

4.1) are satisfied and so the lemma follows.

9.5. PROOF OF THEOREM 7.5. One part of the theorem is trivial. In fact, if for all i
the P-quintets (A4;, B;, a;, [;, ;) and (A4, |, B;,\, a,,, l,4, ¥;,,) are contiguous,
wherei = 1,2,...,n — 1, then let

A=A, §:B, - B, @i Ay, — 4, éi:Bi+l - B,

be the homomorphisms realizing contiguity of these quintets. Then one can define

the homomorphisms

¢:A4, ~A, ¢:A4,—-A, ¢&B —~B, & B —B,

as the following compositions:

P=@,—1° P 0@, §=§,10 - 008,
¢:¢)]O"'°¢n—2°¢n—l’ gzgIon‘ogn—Zogn“I‘

It is easy to see that ¢, £, ¢, 2 satisfy all conditions of Theorem 7.5 (for the first and
for the nth of these quintets).

Conversely, suppose we are given two P-quintets (4,, B,, a,, [,,¢,), » = 1,2, and
homomorphisms

¢:A4, —~A,, ¢ B —B,, ¢:4,-A4,, & B,—B

satisfying all conditions of Theorem 7.5. We have to prove that these quintets are
R-equivalent. By virtue of Theorem 9.3 we may suppose that these quintets are
minimal and simple. The proof of the theorem will be obtained by the induction on
m, where m is the number from conditions (d) of Theorem 7.5. If m = 1, then the
condition of Theorem 7.5 coincide with the definition of P-quintet contiguity (see
4.1), and so in this case the theorem is true. Suppose we have already proved this
theorem for all m less than some integer n and let us consider the case with m = n.

We shall construct a new P-quintet (A4', B!, «', /', ¢') such that

(1) it is minimal and simple;

(2) it is contiguous to (A4,, By, ay, I}, ¥,);

(3) there exist homomorphisms

¢:4'-4,, ¢:B' -B,, ¢:4,-4", E:B, —B

satisfying conditions (a), (b), (c) of Theorem 7.5 and condition (d) with m = n — 1.
Then by the inductive hypothesis, (A', B!, o', /', ') is R-equivalent to
(A,, B,, a,, I5,y,). Thus the initial P-quintets are R-equivalent and so from the
existence of (4', B', ', I', y') Theorem 7.5 follows.

Let A' be the set of all a € 4, such that zZa € im¢. Let incl: 4' » 4, denote the
natural inclusion. The minimality of 4, implies 7(4') = T(A4,). Thus we can define
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the form [': T(A") ® T(A4') - Q/Z by I'(x ® y) = I,(x ® (zz)™"*'y), where x, y
€ T(A"). Define B' as the direct sum decomposition
B'=(B,),®(4'®2,), ®(4'®Z,) ®(Hom(4';Z,)), ®(Hom(4';Z,))._.
Define a': 4' ® Z, — B' as the direct sum of the following homomorphisms:
ay: (Al ® Zz)o(indfl)o(Az ® Zz)o(a‘z’)o(Bz)o’
a,:(4'®2Z,), >B", a:(4'®Z,) > B

where o', and a' are inclusions on the corresponding summands. Define the form

y': B' ® B' - Z, by the matrix

k 0 0 0 O
0 0 0 0 eo
0 0 0 & O
0O 0 & 0 O
0 ¢« 0 0 O

where k(x ® y) = y,(x ® (22)""'y), x, y € (B,), and o and § are the restrictions
of the canonical evaluation pairing

(4' ®Z,) ® Hom(A4';Z,) > Z, > Z,.

The prime denotes transposition as usual.

Let us note that the homomorphism (incl ® 1): (4' ® Z,), - (4, ® Z,),, par-
ticipating in the definition of af, is an isomorphism. In fact, if a € 4,, then
(zz)"a = @(¢(a)) and so (zz)" 'a € A'. Define f: A, - A' by f(a) = (zz)""'a, for
a € A,. Then the homomorphism (z2)' ~"( f ® 1), is clearly inverse to (incl ® 1),.

We have constructed the collection (A4', B!, a', /', B'). Let us prove that it is a
P-quintet of parity e. Conditions (a), (c), (d), (f), (g) of the definition of P-quintet
(see subsection 4.1) are obviously satisfied and we only have to verify (b) and (e). To
do this let us note that the homomorphism 8': B' - Hom(A4'; Z,) defined by the
formula B'(b)(a) = ¢¥'(b ® a'(w(a))) for a € A', b € B', is the direct sum of the
following three homomorphisms:

By)o incl*),
(8" (Bz)o(") (Hom(A2§Zz))o( :) (Hom(Al;Zz))O

(zz)n*)

o~ (Hom(A4';Z,)),,

(B'),:(B")y - (Hom(4';Z,)),, (B').: (B").-(Hom(4';Z,)),
where (B'), and (B')_ are the projections on the corresponding summands. As in
the previous paragraph, one can show that (incl*), is an isomorphism. Thus the
sequence

(a') (8%

0-(4'®Z,), > (B'), — (Hom(4';Z,)),~0

0

is isomorphic to the 0 extension of the quintet (4,, B,, a,, /5, {,) and so it is exact.
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The similar + and — sequences are also exact (they even split over P). Now the
property (b) follows from Propostion 6.2.1V.

To verify (e) note that the restriction of y': B' > T(4') to (B'), ®(B")_ is equal
to zero (this can be deduced from the minimality of 4, exactly by the same way as it
was done in the proof of Lemma 9.2). The restriction of y' on (B'), coincides with
(Y2)o: (By)y = T(A,) = T(A"). From this it follows that the composition

! v a'
BLT(A) a4 ®2,%B

coincides with multiplication by 2. In fact, it is equal to zero on (B'), + (B')_ but
this group has exponent 2, and on (B'), it is equal to the similar composition for
(A,, By, ay, 15, ¥,) which is multiplication by 2 by hypothesis.

Thus the collection (A', B', y', I', ¢') is a P-quintet. It is, of course, simple. Since
A" is a submodule of 4,, it is also minimal. To show that it is contiguous to
(A,, B,,a,, 1,,¥,) define ¢,: A, » A" and ¢,: A' - A4, as follows: ¢, is equal to ¢
and ¢,(x) = ¢'(z2x) for x € A'. Let us define £,: (B,), = (B'), as {| 5, Then &,
is an isomorphism. Let £,: (B'), — (B,), be given by the formula & (x) = &;'(z2x)
for x € (B"),. Then all conditions of Lemma 9.4 are satisfied and by virtue of this
lemma (4,, B,, a,, [, §,) is contiguous to (4', B', o', I', ¢").

Define homomorphisms ¢': 4' - 4,, ¢': 4, - A' by the formulas ¢'(a) = a for
a € A" and ¢'(b) = (22)" 'bfor b € A,. Let £: (B'), — (B,), be the identity map
and £): (B,), — (B'), be the multiplication by (zz)"~'! € P. Using direct sum
decompositions, quite similarly to the method of the proof of Lemma 9.4, one can
construct homomorphisms ¢': B' — B, and ¢': B, and ': B, — B' extending £} and
¢! correspondingly and such that ¢', ¢', ¢, &' satisfy Theorem 7.5 and besides, in
(d), m = n — 1. Thus the step of induction is done.

Theorem 7.5 is proved.

10. Generalized homology of knot complement’s infinite cyclic covering. In this
section there will be established the formula

h(X)~h(V)®,L

expressing (generalized) homology module (over ring A = Z[t, t™']) of knot comple-
ment’s infinite cyclic covering X in terms of the homology module (over ring
P = Z[z]) of any Seifert manifold V' of this knot. The P-module structure on 4 (V)
used here is induced by the S-map z: V' — V which is the part of the n-isometry of
the n-isometry of V' (defined in §2). In the case of middle-dimensional singular
homology group H (V') the same module structure was introduced by Kervaire [8],
see also Stoltzfus [16]. This formula will be applied in the next section to obtain a
geometrical interpretation of the modules from the L-quintet of a knot.

As a conclusion we outline in subsection 10.8 the solution of a more general
problem of constructing the equivariant stable homotopy type of X by means of the
n-isometry (V, u, z) of any Seifert manifold ¥ of this knot. To give the precise
formulation of this result (which will not be used in the paper) we would have to
describe an equivariant analogy of the category Stab,. This will be done elsewhere.
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FIGURE 1

10.1. Let (S"*2, k") be any spherical knot and let ¥"*' C $"*2 be an arbitrary
Seifert manifold of this knot. Consider the tubular neighbourhood T of k" in §"*2
which we suppose to be so small that TN V is a collar of the boundary dV. Let
X=58""?—iny(T) and p: X - X be the infinite cyclic covering. Consider some
meridian m on 34X (i.e. a simple closed curve which is the boundary of the fibre of
the normal bundle of £”). We shall also suppose that m meets V transversally and
¥V N m = v,, where v, is the base point of V. The preimage i = p~' is homeomor-
phic to R. Orient m so that it would have the linking coefficient +1 with k. The
orientation of m generates an orientation of /. Let 1 X — X be that of the two
generators of the covering transformation group of p for which ¢|;: m - m is a
displacement in the positive direction. Denote X = X /. This space will be called
reduced infinite cycle covering.

If h, is any generalized homology theory on Stab, then we define ,(X) as the
direct limit of the groups 4,(K/K N rir), where K runs over all finite subcomplexes
K C X. The covering transformation ¢ is a cellular map of X to itself and it preserves
the base point. So it induces an automorphism of /,( X) and thus A ( X ) is a module
over thering A = Z[t, t7'].

It is well known that for singular homology theory the homomorphisms

t—1:H(X) - H(X)
are all isomorphisms. Applying the suspension, we can construct a continuous map
St — S1: SX - SX. This map induces isomorphisms of all singular homology groups

and thus it is a homotopy equivalence. This implies that for any homology theory 4,
all homomorphisms

t—1:h(X) - h(X)

are isomorphisms and so A-modules /,( X) can be considered as L-modules, where
L=Z[t,t7,(1 — 1)1 =2Z[z,z7", 77"]. (Recall that z = (1 — 1)"".)

Let (V, u, z) be the n-isometry of the Seifert manifold ¥ (see 2.5). Then the S-map
z: ¥V - V induces an endomorphism of h,(V'), and so h,(V) is a P = Z[z]-module.
Our aim now is to find a relation between the P-module /,(V') and the L-module
h(X). Let W=V N X and i: W - X be the composition of any lifting of the
inclusion W — X and the canonical projection X — X. Let r: ¥ — W be a retraction
contracting the collar ¥ — int(W) to oW.
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10.2. THEOREM. (1) The homomorphism ¢: h (V') — hj(X), where @(a) = i r . (a)
fora € h(V), is a P-homomorphism.
(2) The L-module homomorphism

®:h(V)®pL—h(X),
where ®(a ® 1) = @(a) for a € h(V'), is an isomorphism.

10.3. PROOF OF STATEMENT (1) OF THEOREM 10.2. Let N be a small tubular
neighbourhood of W in X and denote Y’ = §"*? — int(N) (see Figure 1). Define
Y=Y/Y Nm. Letv: WA Y - S"*! be the canonical Spanier-Whitehead duality
map and i, : W - Y, i_: W — Y be small translations in the directions of positive
and negative normals to W correspondingly. Then, according to [2, §1], the Seifert
homotopy pairing of W is given by § = v o (1 ® i ). As it was shown in [2, p. 188],
6’ is homotopic to (-1)"v o (1 ® i_). If (W, u, z) is the n-isometry corresponding to
the spherical pairing (W, 6) (see §2), then u =60+ (-1)""'¢' =vo (1®i,) —
vo(1®i)=vo(1®(i, —i])). Since u is a duality map, i, —i : WY is an
equivalence in Stab,.

As it was pointed out in 2.4, the S-map z: W — W satisfies § = u o (1 ® z). This
is equivalent tov o (1 ® (i, —i_)oz) =8 =v o (1 ®i_). Since v is a duality map,

(1) (i+ _i-)°Z:i+-
This implies (i, —i )oz =i, —i_—(iy —i)oz=-i_,le.
) (i, —i)oZ=-i.

Let us consider the map /: Y — X which is the composition of any lifting of the
inclusion Y’ — X and the projection X — X. This lifting may be chosen such that
loi, would be homotopic to i. Then clearly /o i_ is homotopic to to/oi_ .
Applying / to the left and right sides of (1) we obtain the following equality for the
stable homotopy classes:

(3) (1—=1t)oioz=1.
If h, is any homology theory and a € h;(W) then (3) implies (1 — #)i,(za) = i,(a)
ori(za) = (1 — t)'i,(a) = zi,(a). This proves statement (1) of Theorem 10.2.

10.4. In this subsection we construct one Puppe sequence which will be helpful in
the proof of the second statement of Theorem 10.2. Here we shall use the construc-
tions made in subsections 10.1 and 10.3 and the notations introduced there.

Let Z* denote the space which is the union of the set of integers Z (with the
discrete topology) and of the base point * . The points of Y A Z* can be presented
as pairs (y, n), where y € Y, n € Z with identification (y,, n) = (y,, m) for all
n,m € Z (here y, =im N Y'/m N Y’ is the base point of Y). The infinite cyclic
group with generator ¢ acts on the space Y A Z* , where 1(y, n) = (y, n + 1).

Consider the map

JIYNZT - X,
where J(y,n) =1t"oI(y) and I: Y - X is the map introduced in the previous
subsection. If y = y, is the base point of Y then /(y,) = x, is the base point of X,



AN ALGEBRAIC CLASSIFICATION OF KNOTS. I1 563

and so this formula correctly defines J since #(x,) = x,. J is clearly an equivariant
map.
Let us consider the Puppe sequence of J,

J A E D o
YAZYSX5C(J)>C(E) - SX.

Here C(J)=C(Y AZ ) U ,)2 is the mapping cone of J. The points of the cone
C(Y AZ7) can be written in the form of T A y A n, where r €[0,1],y € Y,n € Z,
and besides, 0 Ay, Any =0Ay, Any, 1y AyyAn, =7 Ny,An,forally, y, €
Y, n,, n, € Z. The points 1 A n A y must be identified with ¢" o /(y) € X. The map
E is the natural inclusion. C(E') and D are defined similarly.

Let k: N —» X be the composition of that lifting of the inclusion N C X and the
projection X — X such that koi, =/oi, . Then koi_=1t"'oloi_. Let p: WX
[-1,1] = N be a homeomorphism such that p(w,0) = w, p(w, 1) = i (w), p(w,-1)
=i (w) for all w& W. Then we can define map a: SWAZ"* - C(J) by the
formula

Br)Ni (w)An for0<rt<1/3,
a(tAwAn)=1{t"ok(p(w,6(1/2 —1))) for1/3<r<2/3,
BA=7)Ni(w)A(n—1) for2/3<r<].

Symbol SW means here the reduces suspension over W, i.e. SW = ([0,1]/{0,1}) A
W. C(J) is schematically shown in Figure 2, and SW A Z* is shown in Figure 3.
Geometrically a may be described as follows: it is simply an inclusion of the second
picture into the first one. It is clear that a is an equivariant homotopy equivalence.

'Y N Y N tY

b e

FIGURE 2. C(J)

FIGURE 3.SW A Z7
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FIGURE 4. C(E)

The complex C(E) is the union C(J) U C( X ), where every point of XccoX ) is
identified with the same point in C(J) (see Figure 4). It is clear that C(E)/C(X) is
homeomorphic to SY A Z* . Let 8: C(E) —» SY A Z" be the corresponding projec-
tion. Then f is an equivariant homotopy equivalence too.

Let us consider the composition 8 o D o a. It is given by the formula

@Br)Niy(w)An for0<rt<1/3,
BoDoa(tAwAn)=1 * forl1/3<71<2/3,
GBI =t) Ai(w)A(n—1) for2/3<r<]l.

This map is equivariantly homotopic to the map A: SW A Z* - SY A Z" given by
the formula

QT)Ni (w)An for0<r<1/2,

(4) A(TAWA”):{z(l SO AL(W)A(n=1) forl2<r<l.

Since a and B are equivariant homotopy equivalences, the initial Puppe sequence
gives us the following sequence, consisting of equivariant (relative to the action of Z)
complexes and maps:

3 A A ~
(5) YAZY S XS SWAZTSSYAZT - SX.

It is exact in the sense explained in subsection 8.2, i.e. it induces exact sequence of
abelian groups in any homology and cohomology theory.

10.5. Let A, be a homology theory on the category Stab,. Taking the inductive
limit over all finite subcomplexes it may be extended to all CW-complexes with base
points. It is clear that for any space X with a fixed Z-action preserving the base
point, the group A ,( X) has a natural A-module structure.

For the Z-spaces Y A Z* and SW A Z* we have the following A-isomorphisms:

h(YNZ*)~h(Y)®zA,  h(SWALZY)~h,_\(W)®zA.
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Now applying 4, to the exact sequence (5) we obtain the following piece of exact
sequence of modules and homomorphisms over A:

d .
where d is induced by A. The formula (4) implies that, for a € h (W), d(a ® 1) =
i, (a)®t—1t_(a)® 1]
10.6. LEMMA. The homomorphism d is a monomoirphism.

PROOF. If a € h(W) then d(a® 1) =i, (a)®(t — 1) + (i, —i ) (a)® L If
ker(d) # 0 then ker(d ) contains an element p of the from
“ k
p=2a,®(—1)
k=n
wherem =n=>0,a, € h(W), a, # 0. Then

m

0=d(p)= 3 i, (a) @~ 1"+ 3 (i, —i )u(a) @ (1 — 1)".

k=n k=n
From this it follows that (i, —i_),(a,) = 0. Since i, —i_ is a stable homotopy
equivalence (see 10.3) it implies @, = 0, which is a contradiction.
10.7. PROOF OF STATEMENT (2) OF THEOREM 10.2. By virtue of the results of
subsection 10.5 and Lemma 10.6 there exists the exact sequence

d e n
0-h(W)®zA—h(Y)®zA~h(X)~0.
Here let us substitute 4 (Y) for h (W), identifying these groups by means of the
isomorphism (i, —i_),: h;(W) — h,(Y). We obtain the exact sequence
a’ .
0-h(W)®zLA—h(W)®zA - h(X)-0.
Using (1) and (2) from 10.3 it is easy to see that d’ acts as follows: for a € h (W),

d'(a®1)=2za®t+ za ® 1. Multiplying this exact sequence by ®, L and using
the fact that A ( X) is an L-module we get the exact sequence

d” .
(6) h(W)®zL—>h(W)®zL—>h(X)-0
where d” acts by the same formula as d’ does. On the other hand there is the exact
sequence of P-modules
v H
(7 hj(W) ®zP—h, (W) ®ZP—+hj(W)—>O

where V(a®1)=a®z—~za® 1, H(a® 1) =a for a € hy(W). Multiplying (7)
by ®, L we obtain the exact sequence

(8) (W) @z LSk (W) ®y Lk (W) ®pL -0
where, for a ehj(W),
V(a®1l)=a®z—-2a®1=2(a®1—2a®:7")
=2(a®1—2a® (1 —1))=2(za® 1t~ (a—za) ® 1) = zd"(a).
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Therefore v’ = zd"” and comparing (6) and (8) we get the L-isomorphism
hi(W)®pL —:hj()?).

Composing it with 7, ® 1 we obtain ®. Thus Theorem 10.2 is proved.

10.8. Here we briefly outline a further result. It will not be used in the paper and
here we do not present its precise formulation and proof.

Considering the exact sequence (5) in subsection 10.5, we see that SX has
equivariant homotopy type of the mapping cone of A. If one would be interested in
the stable homotopy type of SX then it is possible to use the S-equivalence i, — i_:
W - Y. Then from (1), (2), (4) we see that SX has stable equivariant homotopy type
of the mapping cone of the map

ViISWAZ - SWAZ*
given (informally) by
&) V'I=S1AZAT+1 o (1AZAL).

Here z: W — W is the S-map from the n-isometry of W (see §2). To clarify (9), note
that if z and ? are realized by continuous maps then V' is given by the formula

Q2r)Nz(w)An for0<r<1/2,

VI(T/\W/\”):{(ZT_I)Ag(w)/\(n—1) forl/2<r<1.

To define V' in general, the similar map S"W A Z* — S"W A Z™ for some large r
should be constructed and then use the desuspension operator (in some stable
category).

11. Main result (The formulation with A-quintets). In this section each simple
even-dimensional knot will be assigned some A-quintet, i.e. a collection consisting of
two A-modules, a homomorphism and two bilinear forms. The knot type defines the
corresponding A-quintet up to isomorphism. Basing upon the main result of [1,
Theorem 4.2] and upon Theorem 7.4 we obtain here the classification of simple
even-dimensional spherical knots in terms of A-quintets. The results of §10 allow us
to give a geometrical interpretation of modules from a A-quintet of a knot.

11.1. Let K = (829%2, k?9) be some (g — 1)-simple spherical knot. Let V29%! C
S$29%2 be its arbitrary (g — 1)-connected Seifert manifold. Consider 2g-isometry
(V, u, z) of V (defined in §2). Since V' is (¢ — 1)-connected and u is a duality map,
then length V' < 2. Applying the construction of subsection 4.3 we get the P-quintet
a, corresponding to (¥, u, z). Then let us assign the knot K the L-quintet§ = q ®p L
(see 7.2, 7.3).

The only arbitrariness in this construction is the choice of the Seifert manifold V.
However, by Theorem 2.6, the R-equivalence class of (V, u, z) does not depend on
the choice of ¥, but it is correctly determined by the knot type of K. Consequently,
by virtue of Proposition 4.5, the R-equivalence class of q is defined by the knot type
K. By Theorem 7.4.1 this implies that the knot type K defines the L-quintet d up to
isomorphism.
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11.2. THEOREM. If q = 4 then the map sending each knot to the corresponding
L-quintet § is a bijection of the set of (q — 1)-simple 2g-dimensional spherical knot
types on the set of isomorphism classes of L-quintets of parity (-1)7+!.

PRrOOF. If any two (¢ — 1)-simple 2g-dimensional spherical knots K, and K, are
assigned isomorphic L-quintets, then by Theorem 7.4.1 the P-quintets corresponding
to these knots are R-equivalent. By Proposition 4.5 the corresponding 2g-isometries
are R-equivalent too (for g = 3), and now by Theorem 2.6 the knots K, and K, are
of the same isotopy type (for g = 4).

For any L-quintet & of parity (-1)7*' there exists a P-quintet q of the same parity
such that § = g ®p L (by Theorem 7.4.11). By Proposition 4.4 the P-quintet g can be
realized by some 2g-isometry (%X, u, z) with length X < 2. Since g = 4 we may use
Theorem 2.6, and so the R-equivalence class of (%X, u, z) corresponds to some
(g — 1)-simple 2¢-dimensional spherical knot K. Clearly, the L-quintet § is assigned
to this knot K.

The theorem is proved.

We consider below the problem of geometrical interpretation of the invariants
from the L-quintet of a knot. We show that they are homology invariants of the knot
complement’s infinite cyclic covering. Hence it will be better to pass from the ring L
to its subring A = Z[¢, t~'] in which the generators have a clearer geometrical sense.
The generators z, z~', z7' of L are of auxiliary character and they should be excluded
from the final result’s formulation.

11.3. A A-quintet is defined as a collection (4, B, a, /, {) consisting of A-modules
A and B, a A-homomorphism a: 4 ® Z, — B, and forms I: T(A) ®,T(A4) - Q/Z
and y: B ®z B — Z,, if the following conditions hold:

(a) 4 is of type K, i.e. it is finitely-generated over A and the multiplication by
t — 1 is an isomorphism 4 — A4;

(b) the sequence

a B
0-A®Z,-B-Hom(4;Z,) -0

is exact, where B(b)(a) = Y(b ® a(m(a))), b EB,a€ A,andm: A - A ® Z, is the
projection;

(c) the pairing / is nondegenerate;

(d) the pairings / and y are e-symmetric;

(e) the composition

Y kg a
B>A54®Z,5B

coincides with the multiplication by 2. Here, for b € B, y(b) is defined by
Y(b ® a(m(a))) = I(y(b) ® a) to be satisfied for all a € T(A);

) l(ta® th) = I(a ® b), a, b € T(A),

() Y(ta ® th) = Y(a ® b),a, b € B.

The number ¢, which can be +1 or -1, will be called parity of the A-quintet
(A, B,a, l,y). Two A-quintets (A4,, B,, a,, 1,,4,), v = 1,2, are called isomorphic if
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there exist A-isomorphisms f: 4, —» A4,, £&: B, — B, such that
[I:[2°(f|T(A,)®f|T(A,))’ Y =v,°(§®§)

and the diagram
1®1
A4,®Z, - A,Q1Z,

la | a;
B - B
1 ¢ 2

is commutative.

11.4. Any L-quintet g = (A4, B, a, [, {) is as well a A-quintet. In fact, A is a
subring in L (we suppose here, as we earlier did, that t = 1 — z™') and so 4 and B
are A-modules of type K. This shows that condition (a) of the P-quintet definition in
subsection 11.3 is satisfied. Conditions (b)—(e) in the definitions of L-quintet and
A-quintet coincide. To verify (f) we note that if /(za ® b) = /(a ® zb) for all
a, b € T(A) then

(ta® ) =1((1—2z")a®t)=1(a®th) —I(z7'a® 1b)
=la®th)—(z"'a®zz7'th) =l(a®th) — I(a ® z7'th)
=l a®(1—z")b)=1(a®b)

since #(1 — z7') = 1 in L. This proves (f). Similarly (g) follows.

Conversely, for any A-quintet (A4, B, a, /, ¢) the modules A and B are of type K,
i.e. the multiplication by (1 — ¢) is an automrphism of each of these modules.
Therefore these modules can be provided with L-module structures defining the
multiplication by z as the map inverse to the multiplication by (1 —¢), i.e. z =
(1 —¢)™". It is clear that then a would be an L-homomorphism and conditions
(a)—(e) from the L-quintet definition are satisfied. To verify (f) we have

(za®b) =1(za® (1 — t)zb) = I(za ® zb) — I(za ® tzb)
=(1za® 1zb) — I(za ® 1zb) = I((t — 1)za ® 1zb)
= 1(a®zb) =l(a® zb),

since Z = —¢z in L. Here a, b € T(A). Similarly (g) follows.

Thus any L-quintet is a A-quintet and any A-quintet defines unique L-quintet.
Clearly isomorphic L-quintets define isomorphic A-quintets and conversely.

11.5. Comparing the results of subsections 11.1 and 11.4, we see that any
(q¢ — 1)-simple 2g-dimensional spherical knot K = (S29%2, k29) is assigned some
A-quintet (A4, B, a, /, ) of parity (-1)7*!, which is defined by the knot type up to
isomorphism. According to the construction the module 4 is isomorphic (over L,
and so over A as well) to the module H (V') ®p L for any Seifert manifold V of K.
Applying Theorem 10.2(2) we obtain the A-isomorphism

(1) A~H(R),



AN ALGEBRAIC CLASSIFICATION OF KNOTS. II 569

where X is the reduced space of the infinite cyclic covering. Similarly there exists a
A-isomorphism

() B~o, ,(X).

Let us notice that the A-module structure in Hq()Z’ ) and o, +2()? ) is given by
ta =t (a), where t: X - X is the generator of the covering transformation group
chosen in subsection 10.1.

If we use (1) and (2) then a is a homomorphism
a. Hq(X) ®zZ, - °q+2()2)
which acts as follows: it is the composition of the homomorphism
h'®1:H(X)®Z,>0(X)®Z,

where & is the Hurewicz homomorphism (which is an isomorphism here since X is
(g — 1)-connected), followed by the homomorphism

0, (R) ®Z, — 0,,5(X)

sending a® 1 to ao n* where a € o,( X) and 9* € 0,+2(S8%) is the single nonzero
element.

Thus, Theorem 11.2 and the notes of subsections 11.4 and 11.5 imply the
following statement which is the summarizing result of the paper.

11.6. THEOREM. 1. For q = 4 any (q — 1)-simple 2q-dimensional spherical knot has
the collection of invariants consisting of two A-modules A = H o X )and B = 7+2( X ),
a A-homomorphism a: A ® L, — B (which was geometrically interpreted in 11.5), and
two bilinear forms I: T(A) ® T(A) - Q/Z, y: B® B > Z,. Here X is the reduced
space of the knot’s infinite cyclic covering (see 10.1), oq+2()2 ) denotes the (q + 2)-
dimensional stable homotopy group, and T(A) = Tors, A.

IL. for any such knot the collection (A, B, a, I, ¥) is a A-quintet of parity (-1)7"!
(i.e. it satisfies conditions (a)—(g) of subsection 11.3). The knot type defines this
A-quintet up to isomorphism.

II1. For q = 4 any two (q — 1)-simple 2 q-dimensional spherical knots are equivalent
if their A-quintets are isomorphic.

IV. For q = 4 any A-quintet of parity (-1)
2g-dimensional spherical knot.

7+ s A-quintet of some (q — 1)-simple

Let us notice that the invariants of statement I of this theorem are also defined for
g <4, but in this case they do not constitute a complete system of invariants.
Statement II is true for ¢ < 4 as well.

The construction of the form / not using the choice of Seifert manifold was
proposed earlier in the works of J. Levine [11, 12] and independently in the author’s
works [3, 4]. The equivalence of the definition of / given here and the definition of [3,
4] follows from results of §7 and [4].

11.7. In some cases it is possible to simplify the invariants system (A4, B, a, I, )
constituting the A-quintet of a simple even-dimensional spherical knot. For example,
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if A is finite and has no 2-torsion then it is clear that B=a =¢ = 0 and so a
complete system of invariants is given by the A-module 4 and the form /I
A ® A - Q/Z. This case was studied in [9].

Suppose now that A is finite and has exponent 2. From conditions (b), (c), (¢) of
subsection 11.3 it follows that A4 is isomorphic to 2B and so B is isomorphic to the
direct sum of groups Z, with the number of summands equal to the dimension of 4
over Z,. If b, b’ € B then

1(v(b) ® y(b')) = (b ® a(7(v(6)))) = ¥(b @ 2b") = 24(b ® b).

Since y: B — A is, in this case, an epimorphism, then this equality shows that ¢
defines /. Thus in this case the complete system of invariants consists of A-module B
and the pairing y: B ® B - Z, with the following properties: (1) 2B = {b € B;
2b = 0}; (2) ¢ is nondegenerate (by Lemma 3.7); (3) ¢ is (-1)?* '-symmetric; (4)
Y(ta @ th) = Y(a ® b) for all a, b € B. Conversely, if B and ¢ satisfying these
conditions are given, then we can put 4 = 2B, a = inclusion and define / as it was
pointed out above. As a result we obtain some A-quintet.
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